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Viral structural transitions: An all-atom multiscale theory
Yinglong Miao and Peter J. Ortolevaa�
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An all-atom theory of viral structural transitions �STs� is developed based on a multiscale analysis
of the N-atom Liouville equation. The approach yields an understanding of viral STs from first
principles and a calibrated interatomic force field. To carry out the multiscale analysis, we introduce
slow variables characterizing the whole-virus dynamics. Use of the “nanocanonical ensemble”
technique and the fundamental hypothesis of statistical mechanics �i.e., the equivalence of long-time
and ensemble averages� is shown to imply a Fokker-Planck equation yielding the coarse-grained
evolution of the slow variables. As viral STs occur on long time scales, transition state theory is used
to estimate the energy barrier of transition between free energy wells implied by observed hysteresis
in viral STs. Its application to Nudaurelia capensis � virus provides an upper bound on the free
energy barrier when a single dilatational order parameter is used. The long time scale of viral STs
is shown to follow from the aggregate effect of inertia, energy barrier, and entropic effects. Our
formulation can be generalized for multiple order parameter models to account for lower free energy
barrier pathways for transition. The theory with its all-atom description can be applied to nonviral
nanoparticles as well. © 2006 American Institute of Physics. �DOI: 10.1063/1.2400858�

I. INTRODUCTION

Viruses are composites of proteins, genetic material, and
other constituents organized into a nanometer-scale structure.
They are supramillion atom in size and hence dramatic
changes in structure, i.e., large conformational changes or
structural transitions �STs� with characteristics similar to
macroscopic phase transitions, are expected and observed.
The transitions occur in response to condition changes in the
host medium, such as pH, ionic strength, and cation concen-
trations. For example, native cowpea chlorotic mottle virus
�CCMV� capsid swells dramatically as pH is increased from
5.0 to 7.5 in the absence of divalent cations1–5 �Fig. 1�.
Nudaurelia capensis � virus6–9 �N�V� and HK97
bacteriophage10,11 undergo large conformational changes
during capsid maturation. Poliovirus undergoes irreversible
receptor-mediated STs upon cell entry.12–16 More details of
these STs will be discussed in Sec. III. The objective of this
study is to place such phenomena in the framework of rigor-
ous statistical mechanics, i.e., to show how they emerge from
an all-atom description via a multiscale analysis of the Liou-
ville equation. We seek to understand how the coherent re-
sponses of a nanoscale life form emerge from atomistic
chaos. To do so we introduced novel methods for introducing
structural order parameters and for deriving Fokker-Planck
�FP� equations for their stochastic dynamics. In this way we
place virology within the framework of chemical physics.

In principle, a viral ST can be understood in terms of the
dynamics of a set of atoms evolving classically in an inter-
atomic force field. The benefit of such an approach is that it
enables a general, parameter-free predictive virus model. The

challenge is to implement this approach as a practical com-
putational algorithm. A central objective of the present
approach is to capture atomic-scale detail and project the
results into whole-virus scale responses.

Theoretical approaches have been developed to simulate
viral processes. These include lumped models,17 symmetry-
constrained models,18 computational molecular
dynamics,18–30 and normal mode analysis31–34 as reviewed
earlier.35 However, they do not simultaneously capture
atomic-scale detail and whole-virus, long-time behaviors in a
nonsymmetry-constrained fashion or lead to a computational
algorithm that accounts for the highly and often symmetry-
breaking nonlinear nature of the phenomena of interest.
While there has been an all-atom molecular dynamics simu-
lation on a complete satellite tobacco mosaic virus with up to
1�106 atoms without symmetry constraint by using 256
processors and 128 gigabytes memory on an SGI 1024-
processor Altix system with a performance of 1.1 ns/day,36

the computation took 50 days to capture, about 55 ns of
physical time, the time scale of which is still very short in
comparison with that of viral STs �subseconds to minutes�.
Therefore there has not been an approach that enables the
computation in virology needed for drug and vaccine design
or for fundamental studies of interest, e.g., interactions of
viruses with host cell receptors or the initiation and propaga-
tion of a capsid ST. Thus the challenge remains to develop
methods that preserve the atomic/whole-virus interplay un-
derlying many bionanostructural phenomena.

The great size of a virus relative to that of an atom
suggests that key elements of viral life-cycle events display
characteristic aspects of Brownian motion, i.e., arise out of
the cross talk between slow nanoscale dynamics and rapidly
fluctuating atomic behaviors taking place across multiple
time and length scales. Brownian behavior has been shown
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to follow from a reduction �i.e., coarse graining� of the Liou-
ville equation, and this theme is reexamined here in the con-
text of viral migration and STs. We examine the energetics
and kinetics of viral processes as implications of their mul-
tiscale character. The basis of our approach35 has its origins
in a long history of multiscale analysis that started with
Einstein37 and continues to this century.

Deutch and Oppenheim38 presented an approach to study
structureless Brownian particle �BP� dynamics based on the
use of projection operators and a perturbation scheme devel-
oped in the host particle/BP mass ratio. This approach sets
the stage for a series of studies of BP dynamics based on the
Liouville equation and BP models that did not account for
internal molecular structure �i.e., were structureless�. Shea
and Oppenheim39 derived FP and Langevin equations for a
single structureless BP in a both of small particles via pro-
jection operators, a perturbation expansion in the mass ratio,
and the assumption that gradients in the host medium are
small. Peters40,41 derived FP equations for the coupling of
rotational and translational motions of a structureless non-
spherical BP near a surface. Shea and Oppenheim42 analyzed
the case of multiple BPs, introducing a number of smallness
parameters including the mass ratio. Ortoleva43 presented an
approach based on a formal multiple space-time scaling ap-
proach integrated with a statistical argument derived from
the BP/host particle size ratio and BP geometry that allows
for a united asymptotic expansion for solving the Liouville
equation; the result is a FP equation for single and multiple
BPs and intra-BP dynamics. It also was shown formally that
this approach leads to a set of coupled FP equations, one for
each slow host mode when the slow hydrodynamics of the
host medium is accounted for.

While an all-atom approach to structured nanoparticles
seems natural, technical difficulties have hindered progress.
These stem from the need to preserve the total number of
degrees of freedom while simultaneously introducing slow
variables including the center of mass �c.m.� and overall ori-
entation, as well as structural order parameters. Recently this
problem was solved by introducing the notion that these slow
variables are not to be thought of as new dynamical
variables,35 rather they are a way to make the multiscale
character of the N-atom probability density explicit. Using
this formulation, the chain rule, and a “nanocanonical en-
semble” technique, the need for tedious bookkeeping to en-

sure conservation of the total number of degrees of freedom
was avoided. A further advance of this nanocanonical ap-
proach is to recognize that the solvability conditions used to
derive the FP equation can be obtained from an analysis of
the time dependence of the terms in a multiscale perturbation
analysis of the Liouville equation directly, and not by
integration over a reduced set of atomic degrees of freedom
�i.e., of the host atoms� that is only natural for structureless
nanoparticles, but which cannot be readily carried out for the
structured nanoparticles of interest. The fast variable integra-
tion is avoided in Ref. 35 by using the fundamental hypoth-
esis of statistical mechanics, “the long-time and ensemble
averages are equivalent near equilibrium for systems with
slowly varying collective behaviors.”

While the theory can be applied to all dynamical nano-
particles due to its all-atom description of the system,35 here
we focus on understanding viral STs. The essence of the
physical picture adopted is suggested in Fig. 2. A virus is a
massive and geometrically large aggregate of atoms im-
mersed in a host medium that subjects it to frequent colli-
sions. In the absence of macroscopic gradients in the host
medium, these collisions result in a fluctuating force on the
viral c.m. that averages out in time and across the surface of
the virus but lead to a coupled Brownian translational/
rotational/ST dynamics. Our approach preserves the dual na-

FIG. 1. �a� Native all-atom CCMV capsid and �b� swol-
len CCMV capsid: pentamers are translated by 24 Å
relative to the c.m. of the whole capsid and rotated
counterclockwise by 9° along their fivefold axes; hex-
amers are translated by 21 Å and rotated counterclock-
wise by 8° along their threefold axes �Ref. 3�.

FIG. 2. A virus with a massive and geometrically large aggregate of atoms
immersed in a host medium that subjects it to frequent collisions.
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ture of the composite virus/host system. It is only a myth of
our interest in the virus that it is treated as special. In reality
this system is a collection of N atoms wherein any subsystem
�e.g., the virus� exchanges momentum and energy with the
remainder �e.g., the host� mediated by the interatomic force
field.

In this study, the all-atom Liouville equation for a virus
in a host medium is solved perturbatively in a small param-
eter to “unfold” the various scales characterizing the state of
the virus; we then “recompose” the perturbation hierarchy
into a FP equation for viral migration and ST. The notion of
operator scaling44 is used in obtaining the FP equation yield-
ing the reduced probability density for the slow viral dynam-
ics. Thermodynamic forces and frictional effects mediating
migration and a ST emerge naturally in the course of deriv-
ing the FP equation. The stochastic dynamics provides the
fluctuating kinetic features of the theory associated with bar-
rier crossing. Free energy landscapes and frictional energy
exchange are accounted for, and transition state �TS� theory
estimates of transition energy barrier are obtained from ex-
perimental data. In Sec. II slow variables capturing a viral
dilatational ST are introduced and a self-consistent FP equa-
tion is derived for these slow variables via a multiscale
analysis. In Sec. III we discuss the computation of free en-
ergy and the friction coefficients; a double-well free energy
profile is shown to be compatible with the capsid ST during
N�V maturation using observed hysteretic effects in the ST.
TS theory for obtaining approximate solutions to the FP
equation and estimating the free energy barrier of viral STs,
as well as an application of the theory to N�V capsid ST, are
presented in Sec. IV. Conclusions and a plan for future stud-
ies are presented in Sec. V.

II. ALL-ATOM MULTISCALE ANALYSIS OF A VIRAL
DILATATIONAL ST

An all-atom multiscale analysis of the Liouville equation
starts with the identification of a set of slow variables. In
hydrodynamics, conserved quantities are the traditional
choice. For the present application, we suggest that slow
variables can be chosen according to the following criteria:

�A� They are expressible in terms of the 6N atomic mo-
menta and positions;

�B� they can be shown via Newton’s equations to evolve on
a time scale that is long compared to that of atomic
vibrations or collisions;

�C� they capture the nanoscale phenomena of interest;
�D� the set of slow variables is complete, i.e., they are not

strongly coupled to other slow variables not included in
the model; and

�E� the energy of the system can be expressed in terms of
these variables and residual rapidly fluctuating atomis-
tic variables.

As there are initial data or applied fields that can make any
variable change rapidly, a corollary to criterion �B� is that the
special conditions on problems of interest are met. Such slow
variables capturing viral dilatation are constructed below and
a FP equation for their long time scale dynamics is derived.

First, denote the c.m. position of the virus R*:

R* = �
i=1

N
miri

m* �i, m* = �
i=1

N

mi�i, �2.1�

where �i=1 if atom i is in the virus and 0 otherwise, and m*

is the total viral mass. Newton’s equations imply that
dR* /dt=−LR*, in which L is the Liouville operator

L = − �
i=1

N � pi

mi
·

�

�ri
+ Fi ·

�

�pi
� , �2.2�

where Fi=−��V /�ri�rj�1
is the force on atom i and

V�r1 , . . . ,rN� is the N-atom potential. With this and introduc-
ing the total viral momentum P*, we obtain dR* /dt=P* /m*

for P*=�i=1
N pi�i. Similarly, dP* /dt=−LP*=�i=1

N Fi�i �the
net force on the virus�.

The virus contains many atoms and hence has a large
size relative to that of an atom; thus we take it to have a
diameter of O��−1� for small parameter �. Since we are in-
terested in significant migration distances �i.e., greater than
or equal to the viral diameter�, we scale R* to be O��−1�. The
scaling �2=m /m* for typical atomic mass m is adopted under
the assumption that the virus is empty, i.e., we develop a
theory for the dynamics of a viral capsid. Other cases may
easily be considered as well �e.g., m* is O��−3� for a com-
plete virus with genome in the capsid’s cavity�. Under the
assumption that the system is near equilibrium, a typical vi-
ral c.m. kinetic energy P*2 /2m* is O�kBT�. Thus P* scales as
�m*, i.e., is O��−1�. With this we adopt the scaled variables
R and P such that

R* = �−1R, P* = �−1P . �2.3�

Let f=�−1�i=1
N Fi�i be the scaled net force on the virus; this

scaling emerges from the near-equilibrium assumption and
that the viral diameter is O��−1� and hence its surface area is
O��−2�. For short range interactions with the host medium,
the number of contributions to the net force on the virus is
proportional to its surface area; however, near equilibrium
there is much cancellation of these forces so that the residual
force over and above its zero average is small and hence
scaled to be on the order of 1 over the square root of the
number of individual atomic contributions, i.e., O���. This is
one example of the corollary to criterion �B�, i.e., the net
force is sufficiently small that the momentum evolves slowly.
In contrast, if the host medium is experiencing a shock wave,
the number of host atoms on one side of the virus would be
much larger than on the other and hence P would change
rapidly as the shock is passing. In summary, under the above
assumptions Newton’s equations imply

dR

dt
= �2 P

m
,

dP

dt
= �2f , �2.4�

proving that R and P are slowly varying.
To characterize intraviral structural dynamics, we intro-

duce relative coordinates si for viral atoms such that
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ri = si + �iR
*. �2.5�

Next an order parameter � is introduced to describe viral
dilatation. In particular, we take � to be a measure of the
viral size relative to that of a reference structure, e.g., an
x-ray cryostructure. To this end, consider the definition

� =

�
i=1

N

misi · X� si
0�i

�
i=1

N

misi
02�i

, �2.6�

where X� is a length-preserving rotation matrix �see below�
and si

0= 	si
0	. We now demonstrate that this order parameter

and the associated momentum � are slow variables. This
� ,� order parameter description will serve as the basis for a
simple viral dilation phase transition theory.

The equation of motion of � is

d�

dt
= − L�

�4

m�
�
i=1

N 
 pi

mi
−

P*

m*� · X� s0mi�i,

�2.7�

m� � �4�
i=1

N

misi
02�i.

The scaling of m� is consistent with our earlier assumption
that the number of atoms in the virus is O��−2� and its diam-
eter is O��−1�. Introducing relative velocities �i /mi

= �Pi /mi�− �P* /m*� for viral atoms yields

d�

dt
= − L� = �2 �

m�
, � = �2�*, �* � �

i=1

N

�i · X� si
0�i.

�2.8�

The scaling of � is based on the assumption that while there
are O��−2� atoms in the virus, the contributions to �* are of
fluctuating sign, but each term has an si

0 factor which, like
the viral diameter, is O��−1�; thus �* is O��−2�. With this

d�

dt
= − L� = �2�

i=1

N

Fi · 
X� si
0 − �

j=1

N
mjX� s j

0

m* � j��i. �2.9�

The j sum in �2.9� is over a large number of vector contri-
butions which tend to cancel; as the m* factor in this term is
proportional to the number of atoms in the virus, the j sum is

small relative to X� si
0. Thus to good approximation we rewrite

�2.9� as

d�

dt
= �2g, g = �

i=0

N

Fi · X� si
0�i �2.10�

for “dilatation force” g that is the analog of the c.m. force f.
The scaling of g as implied in �2.10� differs from that of f as
each term in g has an additional si

0 factor �which is O��−1��.
With this we conclude that � and � are also slow variables.

Viral rotation can also be shown to be slow due to the

large moment of inertia. First relate the rotation matrix X� to
the relative atomic configuration si ,�i=1�. If the intraviral

state only changes due to overall rotation and isotropic dila-
tation, then the �2 component of si is given by

si�2
= � �

�1=1

3

X�2�1
si�1

0 . �2.11�

Multiplying by si�3

0 �i and summing over i yield

Y�3�2
= � �

�1=1

3

X�2�1
Y�3�1

0 , �2.12�

Y�3�2
= �

i=1

N

si�3

0 si�2
�i, Y�3�1

0 = �
i=1

N

si�3

0 si�1

0 �i. �2.13�

Taking d /dt of both sides of �2.12� and recalling that si
0 is a

reference configuration �and not a dynamical variable� yield

�
i=1

N si�3

0 �i�2
�i

mi
= � �

�1=1

3 dX�2�1

dt
Y�3�1

0 + �
�1=1

3

X�2�1
Y�3�1

0 d�

dt
.

�2.14�

Since the virus diameter is O��−1�, then so are si and si
0 for

viral atoms. This implies that Y�3�1

0 is O��−4� as it is a sum of
O��−2� positive terms �at least for the diagonal elements�.
Consider the trace of the left hand side of �2.14�, i.e., the sum
of si

0 ·�i /mi terms. Using an argument as for �*, it is ex-
pressed to be O��−2�. With this, and that d� /dt is O��2�,
dX� /dt is seen to be O��2� so that rotation is slow.

Since icosahedral viruses �e.g., CCMV, N�V, and polio-
virus� are nearly spherical �see Fig. 1�, this symmetry and the
conjecture that centrifugal forces do not have significant ef-

fect on STs, we expect that effects of overall rotation �i.e., X�

and �� � should decouple from those of STs. Hence the re-
duced distribution for the slow variables W�P ,R ,� ,� , t�
can be factorized into X� , �� , P, R, �, and � dependent
parts. With this, the N-atom probability density 	 is taken
to have the dependence 	�
 ;P ,R ,� ,� , t0 , t� with 


�p1 ,r1 , . . . ,pN ,rN�, while X� and �� are ignored henceforth.
Introduction of the slow variables in 	 does not imply an

increase in the number of degrees of freedom beyond 6N,35

rather this ansatz indicates a special dependence of 	 on 

through the slow variables that enable the multiscale analy-
sis. With the slow variable dependences of the N-atom po-
tential and kinetic energy as well as the lowest order prob-
ability density analyzed in Appendix A, we obtain a FP
equation for W�P ,R ,� ,� , t� from the multiscale formula-
tion of the N-atom Liouville equation in Appendix B by fol-
lowing the approach outlined earlier:35

�W

��
= − � P

m
·

�

�R
+ fth ·

�

�P
+

�

m�

�

��
+ gth �

��
�W

+ �2��� f f
�

�P

�

P

m
+

�

�P
� + � fg ·

�

�P

�

�

m�
+

�

��
�

+ �gf ·
�

��

�

P

m
+

�

�P
� + gg

�

��

�

�

m�
+

�

��
��W ,

�2.15�
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where fth and gth are thermal average forces: �� f f, � fg, �gf,
and gg are friction tensors given by �B18�; and �=�2t.

In this FP equation the c.m. and ST order parameters are
coupled in three ways. The thermally averaged forces fth and
gth depend on R and � �except for a virus in an otherwise
uniform medium wherein there is only � dependence�. Cou-
pling is also provided through the R, � dependence of the
friction coefficients. The cross-friction coefficients � fg and
�gf provide additional coupling. However, for a virus in an
isotropic medium, � fg and �gf vanish because the thermal
average of any vector �e.g., �f�0�g�t��th� is zero for an isotro-
pic system.

To deduce some of the implications of �2.15� for viral
STs, consider an isolated virus in an isotropic medium and
that the viral c.m. momentum is at equilibrium. In this case,

W=W̃ exp�−�P2 /2m� /Qc.m., where Qc.m. ensures normaliza-
tion for the c.m. part of W. In this case, the reduced order

parameter distribution W̃�� ,� ,�� satisfies

�W̃

��
= − � �

m�

�

��
+ gth �

��
�W̃ + �2gg

�

��

�

�

m�
+

�

��
�W̃ ,

�2.16�

as can be verified upon substituting the product solution for
W in �2.15�. Let ln Q=−�F for �-dependent free energy F.
Then gth=−�F /��, from which we see that �2.16� has the
equilibrium solution that is proportional to exp�−���2 /2m�
+F��. Note that � ranges over all positive and negative val-
ues, while � is strictly positive and F→� as �→0 �as �
=0 represents a virus wherein all atoms are at the c.m.�.

III. FREE ENERGY AND FRICTION COEFFICIENTS

To implement the multiscale analysis for viral STs, one
must construct the free energy and friction coefficients for
the range of slow variable values of interest. In this section,
an approach for using constrained evolution to generate the
nanocanonical ensemble for computing viral free energy and
friction coefficients is presented and the computational fea-
sibility of the approach is discussed. Hysteresis and irrevers-
ibility in viral STs from several experimental studies are re-
viewed. A double-well free energy profile is deduced for the
ST in N�V capsid.

A. Constrained evolution for nanocanonical ensemble

Configurations and corresponding energies for fixed val-
ues of slow variables can be generated using the following
noninertial dynamics approach. The approach can also be
generalized to generate the inertial dynamics needed to con-
struct the friction coefficients. The ensemble of detailed
atomic configurations for free energy computations is gener-
ated by solving the pseudodynamics equations

dri�

dt
= �

i���

Bi�i����−
�V

�ri���
+ Ai���� , �3.1�

where ri� is the �th position coordinate of atom i, V is the
N-atom potential, and Ai��� is a random force. The B matrix
is introduced to ensure that the ri only explore configurations

consistent with given values of the slow variables. Consider
a set of M slow variables �� ��k ,k=1, . . . ,M�. From each
slow variable we construct the 3N length column vectors
��k /�ri�, i=1, . . . ,N; �=1,2 ,3. From these we form a set of
M orthonormalized row �k	 and column 	k� vectors and
thereby the projection matrix 	k��k	. Then, in matrix notation,
B= = I=− 	1��1	− . . .−	M��M	. With this and �3.1�, one finds that
d�k /dt=0, k=1, . . . ,M. The ensemble generation can be sta-
bilized by replacing V with U��� ;r1 , . . . ,rN� defined in Sec.
II. Thus �3.1� drives the system to a state with �� -dependent
minimum and there is no gradual drift of the �� due to nu-
merical round-off. The ensembles so generated can be en-
riched by using multiple initial datasets for the ri� to avoid
being trapped in a local minimum of U. Space warping can
be used to generate these configurations as it facilitates tran-
sitions between configurations with significantly different
properties. The utility of this approach in minimization has
already been demonstrated.45 The ensemble for each choice
of slow variables can be used as a basis of a Monte Carlo
integration algorithm to compute the thermal average forces
needed for the FP equation.

B. Computational feasibility

As reviewed in Sec. I, an all-atom molecular dynamics
simulation on a complete satellite tobacco mosaic virus has
been achieved on an SGI 1024-processor Altix system by
using 256 processors and 128 gigabytes memory with a per-
formance of 1.1 ns/day �7.85�10−2 s / time step�.36 We be-
lieve that it should take about 10 000 such cycles with inter-
mittent major moves using our space-warping technique to
obtain a free energy variation with 20 wisely chosen slow
variable values. This would take 4.36 h on a computer plat-
form with similar performance to the Altix system noted
above. A more complete temporal dynamics will be used in a
similar way to construct thermal average forces and friction
coefficients. These computations will benefit from published
methods.41,46–52

C. Hysteresis, irreversibility, and the free energy
profile in viral STs

Hysteresis of capsid assembly/disassembly in hepatitis B
virus �HBV� has been observed and studied with a chemical
kinetic model.53 CCMV capsid undergoes a pH and metal
ion dependent reversible swelling transition between close
native and open swollen forms.1–5 This expansion is revers-
ible, yet it has not been determined whether there is hyster-
esis in the process. However, hysteretic effects are found in
the maturation of N�V.8 N�V undergoes large conforma-
tional changes from a procapsid form �480 Å in diameter� to
a compact capsid form �410 Å in diameter� when pH is de-
creased from 7.6 to 5.0. The transition takes less than 100 ms
and is accompanied by a slow autoproteolyis �taking hours�
corresponding to the cleavage of 70 kDa coat proteins to 62
and 8 kDa proteins. The conformational rearrangement is
initially reversible until about 15% of the cleavage events are
completed, at which point the particles are locked into the
capsid conformation, regardless of pH.6,7,9 A further study on
a cleavage-defective mutant �N570T� of N�V showed that
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the transition from procapsid to capsid in the mutant is re-
versible, and that the reverse process is much slower, with
some capsids never reexpanded after 4 days of dialysis
against pH 7.6 buffer, and the reexpanded procapsids display
slightly different properties than the original capsid, suggest-
ing hysteresis but not complete reversibility in the
transition.8 Irreversible poliovirus conformational changes
are found in receptor-mediated cell entry, during which its
coat protein VP4 and the N terminus of VP1 are externalized.
Two putative cell entry intermediates �135S and 80S par-
ticles� are formed and they are both about 4% larger than the
native virions �160S particles�.12–16 The viral receptor be-
haves as a classic TS theory catalyst, facilitating the ST from
native virions to 135S intermediate particles by lowering the
activation energy for the process by 50 kcal/mol.15

Hysteresis in the N�V ST implies that there are two
structurally distinct states of the virus for a given range of
host pH. Such states correspond to free energy wells, sug-
gesting a free energy landscape with double-well character.
Viruses make transitions between fluctuating states defined
by deep, local free energy wells. The residence time within a
given well is determined by the intensity of thermal fluctua-
tions, the mass and size of the virus, the number of states
within the well, and the height of free energy barriers that
must be crossed in existing the well. These conclusions are
shown in Figs. 3 and 4 to follow naturally from our formu-
lation, as discussed in Sec. IV.

As suggested in Fig. 3, when pH changes in the host
medium, an order parameter � �i.e., the relative overall size
of the virus as defined in Sec. II� of the cleavage-defective
mutant of N�V can make a hysteric transition between two

states with distinct structures, i.e., residing within different
free energy wells. Underlying the transition is a double-well
free energy profile as suggested in Fig. 4. In more complex
systems, e.g., for HK97 bacteriophage,10,11 there are multiple
wells in a multidimensional order parameter space and tran-
sitions between them. Even for systems supporting a single
transition, there are likely several key order parameters so
that a true picture of the ST must follow from an analysis of
landscapes in higher dimensional order parameter space. A
single order parameter model supporting two states with dis-
tinct structures implied by different ranges of � is suggested
in Fig. 4 along with the associated probability distribution. In
Sec. IV, we will explore TS theory to estimate the free en-
ergy barrier of the transition between the two structures.

IV. TS THEORY AND AN APPLICATION TO N�V
CAPSID ST

In this section, TS theory for obtaining approximate so-
lutions to the FP equation �2.16� in the inertial limit and
estimating the free energy barrier of viral STs with their free
energy profile sketched in Sec. III is presented as below. The
TS ansatz is designed for the case where the barrier height is
much greater than kBT. Thus the system resides for an appre-
ciable time in a given free energy well and one may thus
define a viral state as the subset of detailed slow variable
configurations residing within the well. TS theory can be
used to compute the evolving statistics of the subset of
viruses whose state resides within a given well.

As suggested in Fig. 4, the value of � in the TS is �c,
the location of the barrier separating the left ��� and right
��� wells. To start the analysis, define the total probabilities

W̃± of occupation of the ��� and ��� wells via

W̃−��� = �
0

�c

d�� d�W̃��,�,��,

�4.1�

W̃+��� = �
�c

�

d�� d�W̃��,�,�� .

Integrating �2.16� over � from �c to � �and similarly, from
0 to �c� and over all � yields

dW̃±

d�
= ±� d�

�

m�
W̃��,�c,�� . �4.2�

In obtaining �4.2� we used the fact that because F→� as
�→0 or �, the probability of finding a virus in such extreme

FIG. 3. The cleavage-defective mutant of N�V undergoes hysteretic ST
when pH in the host medium changes. The curve indicates values of � for
which the virus/host system’s free energy is a minimum.

FIG. 4. �a� A double-well free energy profile F vs �
implied by the hysteresis in N�V capsid ST and �b� the
associated probability distribution W vs �.
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configurations is zero, i.e., W̃�� ,0 ,��=W̃�� ,� ,��=0.

According to TS theory, in the right well W̃ is essentially
an equilibrium distribution and hence is proportional to

exp�−���2 /2m�+F��; therefore the W̃-weighted average of
� is zero in the well, showing that there is no contribution to

dW̃+ /d� except from a small region of � near �c. The TS

ansatz for W̃�� ,� ,�� is developed as follows. When the
barrier is much higher than kBT, the two domains �� to the

left or right of �c� act as if they were independent; hence W̃
is essentially its equilibrium value for the left and right wells
independently. Only infrequently is the barrier surmounted.

Thus W̃ is proportional to exp�−���2 /2m�+F�� /Z− for
���c and exp�−���2 /2m�+F�� /Z+ for ���c, where

Z− = �
0

�c

d�� d�e−���2/2m�+F�,

�4.3�

Z+ = �
�c

�

d�� d�e−���2/2m�+F�.

With this and the definition of W̃± in �4.1�, the proportional-
ity constants are determined and we obtain

W̃ = �exp�− ���2/2m� + F��
W̃−

Z−
, � � �c

exp�− ���2/2m� + F��
W̃+

Z+
, � � �c.� �4.4�

However, near �c infrequent barrier crossing takes place.
The TS theory suggests that at �c the right-going viruses are
predominantly coming from the left near-equilibrium well,
and vice versa. Thus

W̃��,�c,�� = e−���2/2m�+Fc�� W̃−

Z−
���� +

W̃+

Z+
��− ��� ,

�4.5�

��x� = �0, x � 0

1, x � 0,
� �4.6�

and Fc is F evaluated at �c. With this ansatz, �4.2� becomes

dW̃+

d�
=

1

2
��e−��F−

c W̃−

Y−
− e−��F+

c W̃+

Y+
� , �4.7�

where

� = 
 2

��m�
�1/2

, �4.8�

Y− = �
0

�c

d�e−��F−, Y+ = �
�c

�

d�e−��F+, �4.9�

�F± = F − F±, �4.10�

where F− and F+ are F evaluated at the minimum of the left
and right wells, respectively. The superscript c on �F±

c indi-
cates evaluation at �c. The quantity � is the thermal average

of 	� /m�	 and hence has dimensions of s−1. As W̃++W̃−=1, a

second equation for W̃− is not needed. Recalling that �=�2t,
one should add a factor �2=m /m* to the right hand side of

�4.7� to get dW̃+ /dt�=�2dW̃+ /d��.
Time-resolved small-angle x-ray scattering �TR-SAXS�

experiments show that the capsid ST during N�V maturation
occurs on time scales in the range of 0.1–100 s with the
detection of a fast-forming intermediate in the transition.7 To
evaluate this in our formulation via TS theory, consider the
purely forward contribution to �4.7� as recast in the form

dW̃+

dt
=

1

2Y−
�2� exp�−

�F−
c

kBT
��1 − W̃+� . �4.11�

Several factors are seen from �4.11� to limit the rate of a viral
ST: �1� a factor 1 /2 as only viruses undergoing purely for-
ward transitions at the TS contribute, �2� the �2 factor ex-
pressing the great size of a virus relative to a single atom
�i.e., �2�10−6�, �3� exp�−�F−

c /kBT� expressing a free energy
barrier effect, and �4� Y− introducing entropic effects that
account for the number of � configurations collectively la-
beled the ��� state in the left free energy well.

The rate law �4.11� is in the form dW̃+ /dt=k�1−W̃+�.
From the aforementioned experimental data, the rate coeffi-
cient k varies from 10 to 0.01 s−1. To use these data in esti-
mating �F−

c , we adopt the following assumptions. Y− is the
range of � in the ��� well for which �F−

c �kBT. As a crude
estimate, we use the fact that a change in the radius upon
transition is about 16% for N�V capsid and then take Y− to
be smaller than this, in particular, 1% of the capsid radius,
i.e., Y−�0.01. Using the carbon atom mass as typical for the
average atom in the capsid, a capsid radius of 198 Å and
�2=m /m*�10−6, m� is given by �2.7�, i.e.,

m� � �4�
l=1

N

misi
0.2�i � �212.01 � 10−3 kg mol−1

6.022 � 1023 mol−1

��198 � 10−10 m�2

= 7.73 � 10−48 kg m2. �4.12�

This yields

� = 
 2

��m�
�1/2

� 
2 � 1.38 � 10−23 m2 kg s−2 K−1 � 298.15 K

� � 7 . 73 � 10−48 kg m2 �1/2

= 1.84 � 1013 s−1. �4.13�

Using this and �4.11� to evaluate �F−
c in kcal/mol, we have

�F−
c = −

N

4186 J kcal−1kBT ln
2kY−

�2�

� �10.86 kcal/mol, k = 10 s−1

14.95 kcal/mol, k = 0.01 s−1.
� �4.14�

The transition of native poliovirus �160S particle� to an in-
fectious intermediate �135S particle� during cell entry is de-
termined to have a free energy barrier of 30 kcal/mol with-
out the cell receptor.15,54 Our calculations based on crude
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estimates show that the N�V capsid ST has a lower free
energy barrier, and it depends on how we change the pH to
induce the ST. When pH is lowered from 7.5 to 5.0, it occurs
on 0.1 s time scale with a free energy barrier of
10.86 kcal/mol; with a less drastic pH change �pH lowered
to 5.8 or 5.5 instead of 5.0�, the ST occurs more slowly on a
100 s time scale with a higher free energy barrier of
14.95 kcal/mol. The activation enthalpy for the poliovirus
ST is known to be lowered by 50 kcal/mol in the presence of
a cell receptor, and capsid-binding drugs for poliovirus are
shown to inhibit the receptor-mediated ST through a combi-
nation of enthalpic and entropic effects. We suggest that viral
STs must be understood in terms of free energy barriers and
the entropics of viral states, as well as inertial effects �mani-
fested in the �2 factor in �4.11��.

V. CONCLUSIONS

The all-atom multiscale approach enables one to analyze
viral STs from first principles and a calibrated interatomic
force field. For a virus in a homogeneous isotropic medium,
STs can be modeled via a FP equation for a set of order
parameters characterizing the intraviral state. For more com-
plex host media �i.e., with a cell membrane or a solid sur-
face�, there is a coupling between the order parameters and
the c.m. variables manifest in both the free energy and the
cross-friction coefficients �� fg and �gf for the single order
parameter model of Sec. II�.

Observations on STs in viral capsids and the multiscale
analysis of the N-atom problem suggest that there are three
distinct aspects to the dynamics of viral STs. Inertial effects
emerge from the large contrast in the mass of a whole virus,
or one of its structural units, and that of an atom. This is one
way in which the time scale of viral migration or overall
structural change is much longer than that of individual
atomic vibrations and collisions. However, there is also the
effect of energy barrier crossing from one free energy well to
another, which implies that a virus resides in a given well for
an extended time, only occasionally crossing the barrier
separating wells where the virus experiences an unlikely
thermal fluctuation. Finally, entropics can also inhibit the rate
of exiting a free energy well, i.e., a virus spends an extended
period of time exploring many detailed configurations before
making a ST. For example, this is why capsid assembly is
much slower than disassembly. These three effects are ac-
counted for in the TS theory presented in Sec. IV.

The TS estimate of the free energy barrier of N�V
capsid ST provides an upper bound, i.e., the single order
parameter model likely misses lower energy barrier path-
ways for a viral capsid transition. However, it can also be
argued that an overall dilatational fluctuation could provide
more room for capsid structural units to translate and rotate
relative to their neighbor units and thereby initiate a ST. In
either case, the single order parameter model of Sec. II can
be used as a base line to interpret experimental results in
terms of free energy barrier and entropic effects that can then
be compared with estimates from more complete models.

While we estimate the free energy barrier of the N�V
capsid ST roughly, for a more predictive and accurate ap-

proach, the free energy and friction coefficients must be
computed from a calibrated interatomic force field and the
FP equation solved to realize the full implications of the
all-atom multiscale approach for virology and medical sci-
ences or biotechnology. In future studies, a set of slow vari-
ables characterizing viral STs will be explored and a con-
strained nanocanonical ensemble method35 will be
implemented for computing the free energy and friction co-
efficients. Monte Carlo and related methods41,46–52 for carry-
ing out such computations will be adopted for viral STs as
they were shown in Sec. III to be feasible. The notion of
space warping45 was introduced to treat the self-assembly,
deformation, and rotation of many-atom systems and will
greatly accelerate the computation of free energy and friction
coefficients; it can also be integrated into our all-atom mul-
tiscale analysis to construct multiple order parameter models
that account for lower free energy barrier pathways for viral
STs missed by single order parameter models.43 We suggest
that the numerical implementation of our approach to viral
phenomena will create a parameter-free, general simulator
for viruses and other nanostructures.

ACKNOWLEDGMENTS

We thank Professor J. E. Johnson �Department of Mo-
lecular Biology, The Scripps Research Institute� for valuable
discussions on viral capsid STs and Dr. R. Sawafta �QuarTek
International� for suggestions on the biotechnical importance
of this work. We also thank Z. Shreif for her efforts in veri-
fying the equations. We appreciate the support of the U.S.
Department of Energy, Office of Science, Indiana Universi-
ty’s College of Arts and Sciences for general activities at the
Center for Cell and Virus Theory, and the Office of the Vice
President for Research.

APPENDIX A: SLOW VARIABLE DEPENDENCES
OF THE N-ATOM ENERGY AND THE LOWEST ORDER
PROBABILITY DENSITY

To complete the multiscale analysis, the N-atom poten-
tial V and kinetic energy K must be expressed in terms of R,

�, X� , the residual dependence on r1 , . . . ,rN, and the associ-
ated momenta. To accomplish this for V we write

ri = �i + �i��−1R + �X� si
0� . �A1�

The R* term accounts for migration of the viral c.m., the �X�

contribution generates an atomic displacement due to rota-
tion and dilation, and �i is the residual �incoherent� displace-

ment over and above the coherent effects of R, �, and X� .
With this we introduce the explicit potential function U via

U�R,�,X� ;r1, . . . ,rN� = V��i + �i��−1R + �X� si
0�;

�A2�
i = 1, . . . ,N .

The gradient of V with respect to � is given by the derivative

of U with respect to � keeping R, X� , and the residual ri

dependence fixed; this shows the utility in introducing U,
i.e., the residual dependence on the ri from the �i is explicit.
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With this the scaled net force on the virus f and dilation force
g are given by

f = �−1�
i=1

N

Fi�i = − 
 �U

�R
�

�,X� ,r1,. . .,rN

, �A3�

g = − 
 �U

��
�

R,X� ,r1,. . .,rN

= �
i=1

N

Fi · X� si
0�i. �A4�

The kinetic energy K of the virus is given by

K = �
i=1

N
pi

2

2mi
�i. �A5�

Letting pi
inc /mi=−L�i and pi

coh/mi=−L�ri−�i�, we obtain

K = �
i=1

N
1

2mi
��pi

inc�2 + 2pi
inc · pi

coh + �pi
coh�2��i. �A6�

Consider the coh/inc cross term for a small cluster �say 100�
of the million atoms in the virus. The pi

coh in this cluster are
in the same direction, but the pi

inc will have varying direc-
tions. Even if there is a small residual contribution from the
cross term of one cluster, it is likely that there is another to
cancel it. With this we take the cross term to be negligible.

Letting �2�� =−LX� , we find that

pi
coh = mi�i��

P

m
+ �2 �

m�
X� si

0 + �2��� si
0� . �A7�

Note that the � contribution corresponds to motion along the

X� si
0 direction, while the �� contribution is a rotation about

the c.m.; thus the � and �� contributions are orthogonal.

With this, and recalling that 	X� si
0	=si

0, we obtain

Kcoh = �
i=1

N �pi
coh�2

2mi
�i

=
1

2�
i=1

N

mi�i��2 P2

m2 + �4�2

m2 si
02 + �4�2	�� si

0	2� . �A8�

Gross terms of P with � or �� are dropped as the latter
contributions are in many directions so that the i sum makes
them negligible. Note that Kcoh is then independent of the
residual variations in 
 �i.e., those over and above that in P,

�, and �� � so that the partition function Q �see below� can be
written as a configuration part �i.e., one dependent on R, �,

and �� � times exp�−�Kcoh�. The incoherent part of K can be
written as

Kinc = �
i=1

N �pi
inc�2

2mi
�i = �

i=1

N
�i

2mi
	pi − pi

coh	2. �A9�

In the lowest order solution to the scaled Liouville equation
as analyzed in �B5� in Appendix B, we have the following
factor:

	̂ =
e−��Kinc+V�

Qinc��,R,�,X� �
, �A10�

Qinc =� d6N
� exp�− ��Kinc + V�� , �A11�

where � is a product of delta functions of R, �, and ��

centered around their 
-dependent values. As pi
inc=pi−pi

coh

and pi
coh is O���, �	̂ /�P, �	̂ /��, and �	̂ /��� are zero.

APPENDIX B: DERIVATION OF THE FP EQUATION

With the N-atom probability density 	 taken to have the
dependence 	�
 ;P ,R ,� ,� , t0 , t� with 

�p1 ,r1 , . . . ,pN ,rN�, we introduce a set of scaled times tn

=�2nt ,n=0,1 , . . .. With this and the chain rule, the Liouville
equation takes the form

�
n=0

�

�2n �	

�tn
= �L0 + �2L1�	 , �B1�

L0 = − �
i=1

N � pi

mi
·

�

�ri
+ Fi ·

�

�pi
� , �B2�

L1 = −
P

m
·

�

�R
− f ·

�

�P
−

�

m�

�

��
− g

�

��
. �B3�

The operators L0 and L1 arise from the chain rule in the
course of accounting for the direct and indirect dependences
of 	 on 
; therefore these operators only have meaning when
acting on 	 in its present form as a function of both 
 and the
slow variables.

At first sight one might suggest choosing the relative
variables �i ,Si of Sec. II for the viral atoms to express L0

and L1 and develop the theory, rather than the pi ,ri defined
in the laboratory frame as used here. However, �i=1

N �i�i=0
and �i=1

N miSi�i=0. This implies that the �i ,Si ;�i=1� do
not constitute a set of independent variables. In contrast, the
pi ,ri are independent. While the slow variables depend on 
,
the partial derivatives of 	 with respect to the pi ,ri at con-
stant slow variables in L0, and conversely for derivatives in
L1, only reflect the use of the chain rule to account for the
direct and indirect dependences of 	 on 
. It does not con-
stitute a validation of the number of degrees of freedom. In
contrast, ignoring the fact that the �i and Si are not indepen-
dent variables would introduce a violation of the number of
degrees of freedom.

Development of the theory proceeds by constructing a
perturbative solution for 	, i.e.,

	 = �
n=0

�

	n�2n. �B4�

To lowest order, with the assumption that 	0 is independent
of the microscopic time t0, we arrive at L0	0=0; this implies
that the biological phenomena of interest have quasiequilib-
rium character �e.g., we are not interested in processes on the
10−12 s time scale�. The nanocanonical quasiequilibrium so-
lution of this equation is found to be35
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	0 =
e−�H0

Q��,R,��
W�P,R,�,�,t�� � 	̂W . �B5�

This illustrates the multiple dependences on 
, i.e., direct
and indirect through H0 and indirectly through the slow vari-
ables appearing in Q and W. The reduced distribution W
can be shown to be the average of the microscopic density
��p−P���r−R����−�����−�� for the lowest order
N-atom distribution 	0. The variables p, r, �, and � are
particular values of the dynamical variables P, R, �, and �
but are not dynamical variables �i.e., 
-dependent quantities
themselves�. In contrast,

P � ��
l=1

N

pi�i, R � ��
l=1

N
mlrl

m* �i,

�B6�

� � �2�
i=1

N

�i · X� si
0�i, � �

�
i=1

N

misi · X� si
0�i

�
i=1

N

misi
02�i

.

The r ,�-dependent partition function Q is given by

Q��,r,�� =� d6N
��r − R���� − ��e−�H0, �B7�

H0 = �
i=1

N �pi
inc�2

2mi
�i + U�R,�;r1, . . . ,rN� , �B8�

where pi
inc is defined in terms of the pi and the slow variables

of �B6� in �A9�.
To O��2� the Liouville equation implies


 �

�t
− L0�	1 = −

�	0

�t1
+ L1	0, �B9�

where we drop the 0 on t0 for simplicity henceforth. Assum-
ing that initially 	 is near equilibrium, 	1 can be taken to be
zero at t=0. With this, the O��2� equation admits the solution

	1 = �
0

t

dt�eL0�t−t���− 	̂
�W

�t1
+ L1	̂W� . �B10�

Applying L1 and noting that L0	̂=0 yield

	1 = − t	̂
�W

�t1
− �

0

t

dt�eL0�t−t��� P

m
·

�

�R
+ f ·

�

�P
+

�

m�

�

��

+ g
�

��
�	̂W . �B11�

The statistical mechanical postulate “the long-time and en-
semble averages for equilibrium systems are equal” implies

lim
t→�

1

t
�

−t

0

dt�e−L0t�A =� d6N
A	̂ � Ath �B12�

for any dynamical variable A�
�. Changing variables via
t�= t�− t in �B11�, it is found that removal of the secular
behavior in 	1 at large t implies

�W

�t1
= − � P

m
·

�

�R
+ fth ·

�

�P
+

�

m�

�

��
+ gth �

��
�W , �B13�

where fth and gth are the 	̂-weighted thermal average quanti-
ties and the equivalence of long time and thermal averages
have been assumed. With this

	1 = − 	̂�
0

t

dt�eL0�t−t����f − fth� · 
�
P

m
+

�

�P
�

+ �g − gth�
�
�

m�
+

�

��
��W . �B14�

Note that the use of the long-time/ensemble average equiva-
lence avoids the traditional use of the integration of the Liou-
ville equation over 
, which both erases ambiguities �i.e., do
not include the 
 dependence in the slow variables� and en-
sures that all secular behavior in 	 is removed, not just that in
a reduced distribution. This completes the O��2� analysis.

To O��4� one finds


 �

�t
− L0�	2 = −

�	0

�t2
−

�	1

�t1
+ L1	1. �B15�

Again with 	2=0 at t=0, we find

	2 = �
0

t

dt�eL0�t−t��
− 	̂
�W

�t2
−

�	1

�t1
+ L1	1� . �B16�

Removal of the secular behavior in 	2 at large t implies

�W

�t2
= ��� f f

�

�P

�

P

m
+

�

�P
� + � fg ·

�

�P

�

�

m�
+

�

��
�

+ �gf ·
�

��

�

P

m
+

�

�P
� + gg

�

��

�

�

m�
+

�

��
��W .

�B17�

The friction tensors are given by

 f f ,kl � �
−�

0

dt��fk�0�f l�t��th − fk
thf l

th� ,

 fg,k � �
−�

0

dt��fk�0�g�t��th − fk
thgth� ,

gf ,k � �
−�

0

dt��g�0�fk�t��th − gthfk
th� ,

gg � �
−�

0

dt��g�0�g�t��th − �gth�2� ,

k,l = 1,2,3. �B18�

Thus the friction coefficients are related to force correlation
functions as expected.

Letting �= t1 we recompose the above results43 to obtain
a FP equation for the reduced distribution of viral slow vari-
ables W�P ,R ,� ,� , t� as
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