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Abstract

Most systems of interest in the natural and engineering sciences are multiscale in character. Typically
available models are incomplete or uncertain. Thus, a probabilistic approach is required. We present a
deductive multiscale approach to address such problems, focusing on virus and cell systems to demonstrate
the ideas.
There is usually an underlying physical model, all factors in which (e.g., particle masses, charges, and force

constants) are known. For example, the underlying model can be cast in terms of a collection of N-atoms
evolving via Newton’s equations. When the number of atoms is 106 or more, these physical models cannot
be simulated directly. However, one may only be interested in a coarse-grained description, e.g., in terms of
molecular populations or overall system size, shape, position, and orientation. The premise of this chapter is
that the coarse-grained equations should be derived from the underlying model so that a deductive
calibration-free methodology is achieved. We consider a reduction in resolution from a description for
the state ofN-atoms to one in terms of coarse-grained variables. This implies a degree of uncertainty in the
underlying microstates. We present a methodology for modeling microbial systems that integrates equa-
tions for coarse-grained variables with a probabilistic description of the underlying fine-scale ones. The
implementation of our strategy as a general computational platform (SimEntropicsTM) for microbial
modeling and prospects for developments and applications are discussed.
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1. Introduction

The complexity of many systems implies the unlikelihood of having
complete models, values of all phenomenological parameters, and
practical limits of computational resources. Here, we present a
unified framework for addressing a broad spectrum of such pro-
blems in the life sciences, and for microbial systems in particular.
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Many models used in the life sciences are coarse-grained in
character. They are cast in terms of variables that are averages over,
or otherwise represent, more detailed descriptions. For example,
the concentration profile of a chemical specie is a much coarser
description than one in terms of the position of all atoms in the
system. Since the underlying detail is not accounted for in the
coarse-grained model, uncertainty can manifest in the resulting
predictions. Origins of this uncertainty include the following:

l Potential incompleteness of the coarse-grained model (i.e., the
possibility of other coarse-grained variables that couple
strongly to those of interest).

l Uncertainty in the form of the governing equations.

l The many factors in the governing equations must be cali-
brated despite the limited scope and accuracy of available
experimental data.

l Multiple scenarios can arise out of the same coarse-grained
variables.

Thus, use of a coarse-grained model can involve great uncer-
tainty. Examples of such include essential subspace models (1), rigid
body decomposition models (2), bead/hybrid models (3), and
low-resolution experimental models (e.g., Atomic ForceMicrosopy
or Transmission ElectronMicroscopy models). The objective of the
methods presented here is to quantify and control this uncertainty
in the context of microbial system modeling.

We start with a fine-scale model whose physics is assumed to be
well understood. To address difficulties in directly simulating such a
model (e.g., the impracticality in simulating meter-scale dynamics
via an atomic-scale model), we derive a coarse-grained model from
the well-understood fine-scale one. This has the following benefits:

l A calibration-free model can be obtained.

l The completeness of the model can be assessed.

l Statistical variations in the prediction of the coarse-grained
model can be estimated.

l Critical experimental data needed to minimize uncertainty can
be identified.

Establishing the relation between a coarse-grained model and
an underlying fine-scale one is the objective of deductive multiscale
analysis (DMSA). DMSA addresses the above uncertainty and
yields insights into the coupling of processes across scales in space
and time (4–14). Through its probabilistic formulation involving
system entropy, it enables an assessment of uncertainty underlying
predictions of the implied coarse-grained models. Thus, we suggest
that the analysis of uncertainty in many problems of fundamental
and applied interest should include an understanding of their multi-
scale character (4–14).
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Examples of processes wherein uncertainty is manifest in the
multiscale nature of the system include structural transitions (STs)
and assembly/disassembly in Bionanosystems (BNSs) like viruses,
virus-like particles (VLPs), and liposomes; as well as cellular meta-
bolic or genomic phenomena (8, 15–18). Changes in physical
conditions (e.g., pH, salinity, or temperature) trigger STs typically
involving the reorganization of ~106 atoms (19, 20). From the
atomic perspective, these transitions involve simultaneous dynamics
of slow and fast behaviors, and associated larger and smaller groups
of atoms. For example, protein folding involves slow dynamics of
the backbone coupled with rapid fluctuations of side chains. The
timescale separation between processes allows for uncertainty when
experimentally or theoretically understanding fast variable behavior
as a set of others evolved slowly. Another example arises in the
modeling of cellular systems (21, 22). These models involve an
extensive set of biochemical transport and reaction processes,
many of which are unknown, and similarly for the associated rate
and transport parameters. Such incomplete models and limited
experimental data introduce uncertainty in simulating cellular
behavior.

DMSA, being a probabilistic approach, assesses these uncer-
tainties and makes predictions based on the measure of uncertainty
involved. This is achieved via

l Order parameters (OPs) that provide a coarse-grained descrip-
tion of a system (5).

l Ensembles of fine-scale states to compute factors in the equa-
tions of stochastic coarse-grained OP dynamics we derive (4).

l Methods to construct the probability as a functional of the
timecourse, e.g., of chemical species concentrations in a cell
model, and to solve the functional differential equations for the
most probable timecourse of variables for which the governing
equations are not available while time series data on others is
(23, 24).

These methods allow for assessment and control of uncertainty
and the simulation of incomplete models, as well as the use of
limited/uncertain observational data for calibration and error min-
imization. Here we present a set of OPs appropriate for describing
microbial systems and an associated DMSA approach (Subhead-
ings 2, 3.1 and 3.2), examples of DMSA as applied to BNSs
(Subheading 3.3), a roadmap to first-principle cell modeling
using multiscale approaches (Subheading 3.4), and information
theory methodology for cell simulation (Subheading 3.5). In Sub-
heading 3.6 we outline an implementation strategy for our meth-
odology as a general computational platform SimEntropics™,
consider the role of self-organization in microbes, and discuss
prospects for microbial modeling.
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2. Materials

Computational implementation of DMSA has resulted in the devel-
opment of a multiscale Molecular Dynamics/Order Parameter
extrapolation (MD/OPX) approach (7, 8, 16), and more recently,
a fully self-consistent multiscale software SimNanoWorld (4). In
our implementation, structural data on macromolecules or macro-
molecular assemblies is used as input and then SimNanoWorld
simulates the ensuing dynamics. While MD/OPX is made open-
source via simTK.org, SimNanoWorld is yet to be circulated. It can
be provided on request to the corresponding author.

In SimNanoWorld, VMD (25) is used to generate structural
data in psf (Protein Structure File) and pdb (Protein Data Bank)
formats. The structure is then energy minimized and thermalized
using NAMD (26). OPs and the related constant OP ensembles of
atomistic configurations are generated from the resulting structure
(Subheading 3.2). For the simulations presented here, an ensemble
of 200–300 configurations was found to provide sufficient conver-
gence of the thermal-average forces (Eq. 23). A 1 ps MD simula-
tion was run to calculate the velocity autocorrelation functions and
hence diffusion coefficients (Eq. 22) for all OPs. Using these forces
and diffusions, the OPs are evolved in time via the Langevin equa-
tion (Eq. 25). The evolved OPs are used to generate a new ensem-
ble of atomic configurations and the cycle repeats until any self-
consistency criterion is violated, requiring the addition of more
OPs or modification of the timestep. The forces and diffusions are
computed every Langevin timestep. For the demonstrations of
Subheading 3.3, a total of 33 OPs were used.

Other choices for OP-like variables include Principal Compo-
nent Analysis (PCA) modes to identify collective behaviors in mac-
romolecular systems (1), dihedral angles (2), curvilinear
coordinates to characterize macromolecular folding and coiling
(14), and beads representing a peptide or a nucleotide which inter-
acts with others via phenomenological forces (2). In the context of
the multiscale theory of Subheading 3.2, they suffer from one or
more of the following difficulties: (a) they are not slowly varying in
time; (b) macromolecular twist is not readily accounted for; (c)
their internal dynamics, and hence inelasticity of their collisions is
neglected; and (d) the forces involved must be calibrated for most
new applications. In contrast, as discussed in Subheading 3, DMSA
has the following practical advantages:

l The dynamical equations for the OPs are force field based,
i.e., thermal-average forces and diffusivities in these equations
can be computed from the N-atom model.

l The form of these equations need not be hypothesized, they are
computed via an ensemble algorithm.
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l The values of the forces driving OP dynamics are computed
dynamically, and therefore phenomenological expressions are
not required; the ever changing ensemble of configurations
mediated by the evolving OPs is accounted for.

l Accounting for friction at the coarse-grained level allows for
probing noninertial dynamics of the microbe.

l An efficient algorithm for simulating the dynamics of a complex
system on multiple scales is provided, that simultaneously pre-
serves the all-atom description of the system and the overall
structure.

Thus, the uncertainty in modeling microbial behavior using a
reduced (OP) description is addressed via the “on-the-fly” genera-
tion of an ensemble of all-atom structures. With this, DMSA cap-
tures the interplay between far-from-equilibrium and equilibrium
processes occurring at various space–time scales that underlie
microbial structure and dynamics.

3. Methods

Microbial behaviors are often studied under various microenviron-
mental conditions such as salinity and pH (16). These variations
modulate interactions between solvent accessible parts of the
microbe and host medium atoms, inducing structural and func-
tional changes of the former. For example, viral RNA is found to be
stable and facilitate encapsulation in a 2:1 electrolyte due to “tight”
electrostatic binding with Mg2+ ions, but loses tertiary structure in
a 1:1 electrolyte (27). An all-atom model is often essential to
correctly probe these interactions. Structural fluctuations and inter-
nal dynamics are a central feature of several biological processes. For
example, in the presence of an energy barrier, the atomic fluctua-
tions allow self-organization of lipids in membranes (28). Fluctua-
tions are also important in expressing the conformational diversity
of macromolecules that allows for large deformations upon binding
to drugs that inhibit infection (29). Similarly, fluctuations in viral
epitopes are important for invoking immune response (30). Thus,
an all-atom description is necessary to account for all sources of
fluctuation in simulating aforementioned processes, and hence has
been the basis of traditional MD approaches.

However, all-atom MD simulations of macromolecular assem-
blies involving more than a million atoms require large computa-
tional capabilities, and therefore impose a practical limit. To address
this challenge, DMSA pursues a reduced description of the micro-
bial system in terms of OPs, and introduces a procedure that allows
for capturing the two-way flow of information between fine- and
coarse-scale variables. Part of the flow is entropy maximization
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which enables the quantification of uncertainty in the all-atom
resolved state of the microbe consistent with the OPs. With this,
DMSA maintains the effect of all degrees of freedom while greatly
accelerating simulations. In this section several aspects of DMSA
are discussed.

3.1. Determination

of Order Parameters

for Microbial Systems

A key element of DMSA for microbial systems is the identification
of OPs that describe their coarse-grained features. A central prop-
erty of an OP is that it evolves slowly. This creates a timescale gap
that enables a multiscale approach to microbial simulation.

Slow OP dynamics emerges in several ways including:

l Inertia associated with the coherent dynamics of many atoms
evolving simultaneously.

l Migration over long distances.

l Stochastic forces that tend to cancel.

l Species population levels that track the simultaneous dynamics
of many units (as in chemical and self-assembly kinetics), only a
few of which change on the atomic timescale.

OPs considered here relate larger-scale microbial features to a
reference structure (e.g., from X-ray crystallography). They are
introduced via (1) a transformation warping space (5) and (2) a
maximization of their information content to relate them to the
atomistic configurations (7).

Consider OPs constructed by embedding the system in a vol-
ume VS. Basis functions ~Ukðr*Þ for a triplet of labeling indices k are
constructed as products of Legendre polynomials of order k1; k2; k3
corresponding to the X ;Y, Z-dependent polynomials. If computa-
tions are carried out using periodic boundary conditions to simu-
late a large system (e.g., to minimize boundary effects and to
handle Coulomb forces), periodic basis functions (Fourier modes)
can be used. Other possible basis functions would be spherical
harmonics when the system is embedded in a spherical volume.
More generally, as is familiar in quantum theory or hydrodynamics,
the basis functions used are chosen for convenience to reflect the
overall geometry of the system and the conditions imposed at the
boundary. Furthermore, the basis functions should be free of fea-
tures that are not physical (e.g., divergences). We have found
Legendre polynomials to be convenient for simulating systems
with closed boundaries of rectangular geometry (7). In our
approach, points r

*
within the system are considered to be a dis-

placement of original points r
*o (7). A set of vector OPs, labeled

with a triplet of indices k, F
*

k are constructed as follows. The

microbial system deforms in 3-D space such that a point r
*

is
displaced from an original one. Deformation of space taking any

r
*o

to r
*
is continuous and is used to introduce OPs F

*

k via
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r
* ¼

X
k

~Ukðr*oÞF
*

k: (1)

As the F
*

k change, space is deformed simultaneously with the
embedded microbial system. In our methodology, the F

*

k dynamics
reflects the physics of the microbial system and furthermore cap-
tures key aspects of the atomic-scale details of the structure.

Let the ith atom in the microbial system ði ¼ 1; . . . ;N Þ be
moved from its original position r

*o
i via the above deformation by

evolving the F
*

k and correcting for atomic-scale details. Given a
finite truncation of the k sum in Eq. 1, there will be some residual
displacement (denoted s*i) for each atom in addition to the coher-
ent deformation generated by the k sum:

r
*

i ¼
X
k

F
*

k
~Ukðr*oi Þ þ s*i: (2)

To maximize the information content of the OPs, the magni-
tude of the s*i is minimized by the choice of basis functions and the
number of terms in the k sum. Conversely, imposing a permissible
size threshold for the residuals allows one to determine the number
of terms to include in the k sum.

To start the analysis, the F
*

k must be expressed in terms of the
fundamental variables r

*

i. To arrive at this relationship, we minimize
the mass-weighted square residual ðm1s21 þ � � � þmNs2N Þ with
respect to the F

*

k, where mi is the mass of atom i.This implies

X
k0

Bkk0F
*

k0 ¼
XN
i¼1

mi
~Ukðr*oi Þr*; Bkk0 ¼

XN
i¼1

mi
~Ukðr*oi Þ~Uk0ðr*oi Þ: (3)

Thus, the OPs can be computed in terms of the atomic posi-
tions by solving Eq. 4. The method is optimized by choosing the
basis functions Uk to be mass-weighted orthogonals. In that case,
the B-matrix (Eq. 4) is diagonal. In that orthogonalization process,
we view the ~Ukðr*oi Þ as an N-dimensional vector which is then
transformed to a set of mass-weighted orthogonal Uki. The k-
labeling corresponds to that of the original ~Ukðr*o

i Þ from which
each orthogonal vector was constructed via the Gram–Schmidt
procedure (4).

Mass-weighted orthonormality of the basis functions implies
that Bkk0 is 0 for k 6¼ k0. With this

F
*

k ¼
PN
i�1

miUkir
*

i

~mk
; ~mk ¼

XN
i¼1

miU
2
ki: (4)

Thus, for given a set of atomic positions the corresponding OPs
are uniquely defined.
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Next, consider the timescale of OP dynamics. The Liouville

operator is defined via L ¼ �PN
i¼1

p
*

i

mi
� @

@ r
*
i

þ F
*

i � @

@ p
*

i

, where p
*

i and F
*

i

are themomentumof, and net force on, atom i. GivenEq. 4, onemay
compute dF=dt as � LF, where FðGÞ is a set of OPs F

*

k. With this,

dF
*

k

dt
¼

�~Pk

~mk
;

�~Pk ¼
XN
i¼1

Ukip
*

i:

(5)

Inclusion of mi in developing Eq. 4 gives F
*

k the character of a
generalized center-of-mass (CM)-like variable. In fact, if Uki is a
constant then F

*

k is proportional to the CM. While the F
*

k are given
in terms of a sumofN-atomic positions, the terms which have similar
directions due to the smooth variation of Uki, have momenta �~Pk

given by a sum of atomic momenta which tend to cancel near equi-
librium. Hence, the thermal-average of �~Pk is small, and thus the F

*

k

tend to evolve slowly. First, consider the dynamics of the CM,
i.e., F

*

000. From Eq. 5, F
*

000 satisfies dF
*

000=dt ¼ �~P000=M , where
~m000 ¼ M is the total mass of the microbial system. Since M is large,

F
*

000 evolves slowly relative to the timescale of atomic collision/
vibration. The set of F

*

k, for each of which the “inertia” ~mk is large,
evolve slowly and are found to be viable starting points for a multi-
scale analysis, i.e., they evolve slowly while individual atomic vibra-
tions/collisions occur on a very short timescale.

To reveal the timescale on which the OPs evolve, it is convenient
to define the smallness parameter e ¼ m=M , where m is a typical
atomicmass andM is the totalmass of themicrobe. For anyF

*

k, letting

v
*

i be the velocity of particle i, the definition of e and Eq. 5 yields

dF
*

k

dt
¼
PN
i¼1

Ukip
*

i

~mk
¼
PN
i¼1

Ukimiv
*

i

~mk

¼
PN
i¼1

Ukimm̂iv
*

i

Mmk
¼ e

PN
i¼1

Ukim̂iv
*

i

mk
¼ e

P
*

k

mk
:

(6)

Thus, F
*

k changes at a rate O(e) under the assumption that the
atomic momenta tend to cancel as is consistent with the quasi-
equilibrium probability distribution discussed further below. Spe-
cial initial conditions could make the rate of OP change scale
differently; examples of such conditions include a density disconti-
nuity (leading to a shockwave), injection of the microbe at a
high velocity or sudden release of a highly deformed virus from a
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nano-tweezer (2, 13). If the virus was injected at a high velocity,
then the overall momentum would be an additional OP. As a result,
the Smoluchowski equation we derive (21) would be replaced by a
Fokker–Plank equation for the joint probability of the OPs and
associated momenta. In this case, the quasi-equilibrium distribu-
tion would be constrained to the instantaneous values of both the
OPs and their associated velocities. With this, the characteristic rate
of change of the OP dynamics would scale as e0, and not as e. The e
scaling (Eq. 6) occurs when the virus is injected at a very small
velocity so that it is rapidly thermalized; in contrast, the higher
velocity injected particle decelerates due to viscous drag from the
surrounding medium and thereby the associated OP has a rate of
change that is dominated by the initial conditions and not by
thermal fluctuations. Therefore, for any class of initial conditions,
the slow rate of OP dynamics must be confirmed before applying
the multiscale ideas developed (Subheading 3.2).

A simple case of the r
*

i;F
*

k relationship suggests how it captures
rigid rotation. Take Uki; k ¼ 100;010; 001 to be x0, y0 and z0,
respectively. Then, neglecting the s*i, Eq. 2 becomes

xi ¼ F100xx
0
i þ F010xy

0
i þ F001xz

0
i , and similarly for yi and zi

(where xi; yi; zi are the three Cartesian components of r
*

i vector).

The relationship can be written in the tensorial form r
*

i ¼ F
*
*

r
*

i
0
. It

is seen that for a special case (i.e., where the tensor F
*
*

is a rotation
matrix), the F

*

k constitute a length preserving rotation about the
CM if r

*

i is relative to the CM. More generally, for the above three
basis functions, the r

*

i;F
*

k relationship corresponds to a mixed
rotation, extension–compression. More generally, the OPs defined
here constitute a strain tensor thereby accounting for elastic defor-
mations. The higher order OPs (e.g., k ¼ 1, 1, 0 and 2, 2, 0),
capture twisting, bending, and more complex deformations. Such
OPs were shown to capture polyalanine folding from a linear to a
globular state. The OPs were also shown to capture nucleation and
front propagation in a virus capsid (7, 8, 16). While it is not trivial
to interpret all the deformations associated with the higher order
polynomial-defined OPs, it is the generality of our multiscale
approach (Subheading 3.2) that accounts for all of their dynamics.

Relationship (4) implies the unique value of F
*

k for a given set of

r
*

i. However, the converse is not true, i.e., there can be multiple all-
atom configurations rð¼ r

*

1 . . . r
*

N Þ for a given set of F
*

k. This stems
from the fact that a theory with NOPð� N Þ OPs cannot capture N
atomic coordinates uniquely; this is the motivation for adding the
residuals to Eq. 1 and generating an ensemble of atomic configura-
tions consistent with the OPs Eq. 2. Therefore, the r

*

i � F
*

k relation-
ship is not 1:1, as it should not be. This implies there is an ensemble of
atomistic configurations consistent with the OPs, the analogy of
which has been discussed in the context of other multiscale
approaches although the dynamics of all atoms was not accounted
for, leading to issues in treatingdiffusionand electrostatic effects (27).
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The set of the F
*

k OPs have technical advantages that greatly
facilitate theoretical analyses. Consider an extended set Fex of OP
and OP-like variables, notably the F

*

k for k in the list of OPs plus
similarly defined variablesF

*

kres for k not in theOP list. Thus, wewrite

r
*

i ¼
X
k

OPF
*

kUkðr*oi Þ þ
X
k

resF
*

kresUkðr*oi Þ: (7)

Expression (7) for r
*

i in terms of F and Fres provides a way to
generate ensembles of F

*

k-constrained configurations by randomly
varying theF

*

kres. An expression for s*i in terms ofFres is obtained by
comparing Eqs. 2 and 7. However, generating ensembles by ran-
domly varying the s*i typically leads to high-energy configurations.
This difficulty is readily avoided as long as s*i is chosen by constrain-
ing F

*

kres for higher-order k to small values (4). The lower k � F
*

kres

provide major structural variations by moving atoms in the ensem-
ble with a measure of coherence, avoiding atom overlap. Thus,F

*

kres

provides a way to generate rich ensembles at fixed F and with
modest energies (and hence Boltzmann relevance). In practice, a
“hybrid” sampling method, wherein short MD runs are performed
starting with configurations from theF

*

kres-generated sample is used
to enrich fluctuations about the constant set of OPs F (4). All these
properties are critical for the practical implementation of the MD/
OPX and SimNanoWorld softwares.

The slowly evolving OPs can be extrapolated over large inter-
vals in time. These timesteps are appreciably larger than those for
traditional MD timesteps and therefore efficiently probe the long-
time behavior of a microbial system. As the above OPs can be
automatically generated, the set may readily be expanded by
increasing the range of the k sum (5). As discussed in Subhead-
ing 3.2, this addresses the difficulty that arises when a limited set of
OPs couples to other slow variables.

3.2. Deductive

Multiscale Analysis

In this section, we derive equations for the stochastic behavior of a
microbial system using the OPs considered above and the Liouville
equation. The analysis starts by writing the Liouville equation for
the N-atom probability density U, i.e., @U=@t ¼ LU for Liouville
operator L; U depends on the set of 6N atomic positions–momenta
G and time t. The objective of DMSA is to solve the Liouville
equation and thereby derive an equation for the stochastic evolu-
tion of the OPs discussed (Subheading 3.1).

DMSA starts with a transformation of the N-atom probability
density UðG; tÞ formulation to one that makes the multiple U
dependencies on G; t more explicit. This involves introduction of
a set of OPs FðGÞ (i.e., F* k of Subheading 3.1 for all k on the list of
OPs) that depend onG and evolve on a timescale much greater than
that of individual atomic collisions/vibrations.
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First, we write U in a form that makes the dependence on G and
t of various types explicit:

UðG; tÞ ¼ rfG0ðGÞ;FðGÞ; t0ðtÞ; tðtÞ; eg: (8)

Thus, we make an ansatz that the reformulated probability den-
sity r depends on the N-atom state G both directly (i.e., via
G0ðGÞ ¼ G) and, via a set ofOPsFðGÞ, indirectly. Similarly, r depends
on the sequence of times t0ðtÞ; t1ðtÞ; t2ðtÞ; . . . ¼ t0ðtÞ; tðtÞ where
tnðtÞ ¼ ent . The times tn for n > 0 are introduced to account for
the slower behaviors in r; while t0 accounts for processes on the fast
timescale (i.e., t0 changes by one unit when ~10�14 s elapse). As in
Subheading 3.1, e is a small parameter. The e-dependence of r and
scaling of time are justified later in this section.

In adopting this perspective, F is not a set of additional inde-
pendent descriptive variables; rather, their appearance in r is a
placeholder for a special dependence of r on G that underlies its
slow temporal evolution of r. A simple example that elucidates our
ansatz is the function f ðxÞ ¼ exp�ex sinðxÞ. We restate f ðxÞ as
f ðx0; x1Þ where x0 ¼ x and x1 ¼ ex. In making this transformation
we do not add any independent variable to the description, rather,
we make the discrete dependencies on x explicit. Similarly, it is
shown below that the dual dependence of r on G can be con-
structed if e is sufficiently small. An equation of stochastic OP
evolution that preserves the feedback between the atomistic and
coarse-grained variables is now obtained via a multiscale perturba-
tion analysis for a classical N-atom system.

We now use the above framework to derive an equation for the
OP probability distribution. One finds that LF naturally reveals a
small parameter e, i.e., dF

*

k=dt ¼ e ~P
*

k=mk (Subheading 3.1). Start-
ing with Eq. 8, the Liouville equation for U and the chain rule, one
obtains the multiscale Liouville equation (see Note 1)X1

n¼0

en
@r
@tn

¼ ðL0 þ eL1Þr: (9)

Many authors (31, 32) have analyzed such equations in the
small e limit. In our approach, (9) is solved via a Taylor expansion in e.
As shown in Note 1, L0 involves partial derivatives with respect to
G0 at constantF (when operating on r in the multiscale form Eq. 8),
and conversely for L1. With this, L0andL1 take the forms

L0 ¼ �
XN
i¼1

p
*

i

mi
� @

@r
*

i

þ F
*

i � @

@p
*

i

(10)

L1 ¼ �
X
k

P
mk

� @

@F
: (11)

Note that L0 and L1 operate in the space of functions that
depend explicitly on variables G0 and F; P signifies a set of P and
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subscripts 0 on r
*

i and p
*

i in Eq. 10 are henceforth dropped because of
the simple G0ðGÞ ¼ G dependence of r. While the space of functions
on which L0 and L1 operates is composed of 6N þNOP variables
(the N atomic positions and momenta G0 plus the NOP OPs F), the
formalism does not assume that the variables are dynamically indepen-
dent. Rather, from Eq. 9 one determines the dependence of r on G0

and F, but ultimately through Eq. 8 how U depends on G. Hence,
Eqs. 9–11 do not imply that G0 and F are independent dynamical
variablesbut, in accordancewithEq.8, theequations yield themultiple
space and time dependencies of U. Therefore, there are still 6N dyna-
mical variables as the OPs do not evolve independently of the atomic
positions and momenta. Equations 4 and 6 show the explicit depen-
dencies of atomic and coarse-grainedquantities. In contrast, one could
introduce collective modes as new dynamical variables in addition to
the 6N atomic positions and momenta G. However, this approach
carries the burden of eliminating selective position and momentum
variables to keep the number ð6N Þ of degrees of freedom fixed. In
summary, to uncloak the explicit space–time dependencies of the N-
particle density U, we make use of 6N þNOP variables of whichNOP

are not independent of the remainder (with dependencies defined via
Eqs. 4 and 6). As no additional independent variables are added to the
description of theN-atom system,U still remains a function of the 6N
dynamical variables. Furthermore, the OðeÞ scaling of the Liouville
equation is a natural consequence of the slowness ofOPs. This justifies
a perturbative solution and hence the e-dependence of the N-atom
probability density.

We now construct a perturbative solution of the Liouville

equation in the form r ¼ P1
n¼0

enrn. Assuming r0 has slow character

(i.e., independent of t0),

L0r0 ¼ 0: (12)

We take this to imply that to lowest-order the rapidly fluctuat-
ing degrees of freedom explore a representative sample of config-
urations at fixed OPs. This and straightforward calculation imply
that L0H ¼ 0. Since there is no additional information on the
functional form of r0, an entropy maximization scheme is
employed for obtaining the lowest-order probability distribution.
In the spirit of Gibbs, we assume that the atomistic variables explore
a representative ensemble of configurations for a given instanta-
neous value of the OPs. With this,

r0 ¼ r̂ðG0;FÞW ðF; tÞ; (13)

where r̂ ¼ e�bH=Q ðFÞ, b ¼ 1=kBT where Q is the F constrained
partition function for the isothermal conditions considered.
A rationale for Eq. 13 is provided (see Note 2).
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To O(eÞ the multiscale Liouville equation implies

@

@t0
� L0

� �
r1 ¼ � @

@t1
� L1

� �
r0: (14)

Taking r1 to be A1 at t0 ¼ 0, this equation has the solution

r1 ¼ eL0t0A1 � t0r̂
@W

@t1

�
ð0
�t0

dt 00e
�L0t

0
0

X
k

�P
mk

� @

@F
W

Q ðF; bÞ
� �

: (15)

This solution (Eq. 15) reveals the multiple dependence of r1 on
G0 through L0 and r̂, on F through r̂ and W, and on t through t0
and t (the latter via W). If the system is taken to be bounded in
space by perfectly reflecting walls, e�L0t0A1 for any function A1 of
G0 and F fluctuates but remains finite for all t0. Thus, the A1 term
cannot balance the t0-divergent (t0 ! 1) contribution to r1;
hence @W =@t1 must vanish (see Note 3).

A general equation for the coarse-grained probability density ~W
canbe obtainedby using the original Liouville equation. By definition,

~W ¼
ð
odG�DðF� FðG�ÞÞr; (16)

Where o is a state-counting factor (see Note 2). Note, ~W
approaches the factor W in r0 as e ! 0. This and the Liouville
equation imply

@ ~W

@t
¼
ð
odG�DðF� FðG�ÞÞLr (17)

for N-atom density r. Properties of the delta function D, LH ¼ 0,
and integration by parts imply

@ ~W

@t
¼ �e

@

@F
�
ð
odG�DðF� FðG�ÞÞ

X
k

P
mk

r: (18)

Using the series for r truncated to order n in e, Eq. 18 yields an
equation for ~W to O(en+1). The r̂ ensemble average of individual
atomic momenta is zero, and thus the ensemble average of P is
also. Therefore, the contribution of r0 to the RHS of Eq. 18 is
zero. With the above, the O(eÞ contribution to @ ~W =@t is zero, and
hence @ ~W =@t must be O(e2Þ.

Using the expression for r1 as in Eq. 15, that @W =@t1 ¼ 0 and
Eq. 18, implies

@ ~W
@t ¼ �e2 @

@F � Ð odG�DðF� FðG�ÞÞP
k

P
mk
eL0t0A1 þ e2 @

@F

� Ð odG�DðF� FðG�ÞÞ Ð 0�t0
dt 00
P
k

P
mk
e�L0t

0
0

P
k0

P
mk0

� @
@F

W
Q ðF;bÞ
� �

:
(19)
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Note that theA1 term implies short timescale oscillations in ~W .
For the case when A1 is in the null space of L0 (i.e., for quasi-
equilibrium initial data) these oscillations are absent. With this and
recalling ~W ! W as e ! 0 and W is independent of t0 and t1,
Eq. 19 becomes

@ ~W

@t2
¼ lim

e!0

@

@F
�
ð
odG�DðF� FðG�ÞÞ

ð0
�t2=e2

dt 00
X
k

�P
mk

e�L0t
0
0

X
k0

P
mk0

� @

@F

~W

Q ðF; bÞ
� � : (20)

Letting e ! 0 in the lower limit of the integral and t ¼ t2 ¼ e2t
in Eq. 20 yields the Smoluchowski equation:

@ ~W

@t
¼
X
kk0

@

@F
*

k

"
D
**

kk0

"
@

@F
*

kk0
bf

*

k0

#
~W

#
: (21)

The diffusivity factors D
**

kk0 are related to the correlation func-
tion of time derivatives of OPs via

D
**

kk0 ¼ 1

mkmk0
Ð0

�1
dt 00 P

*

ke
�L0t 00P

*

k0
D E

;

(22)

where P
*

k is defined in terms of the OP time derivatives via Eqs. 5
and 6. In constructing the correlation functions the initial data is a
given F; since F does not change appreciably during the period in
which the correlation function is nonnegligible (the more precise

meaning of “slow”), D
**

kk0 depends on F.
The thermal-average force~fk is given by

f
*

k ¼ � @F

@F
*

k

¼ hf*
m

k i (23)

for F constrained Helmholtz free energy F, where

F ¼ �1

b
lnQ ðF; bÞ; (24)

Q ðF; bÞ is the partition function associated with r̂, and

f
*m

k ¼ PN
i¼1

Ukðr*o

i ÞF
*

i.

Equivalent to Eq. 21 is an ensemble of OP timecourses gener-
ated by the Langevin equations

@F
*

k

@t
¼ b

X
k0

D
**

kk0f
*

k0

� �
þ x

*

k: (25)
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The coherent part of the evolution is determined by the prod-
uct of the diffusion factors and the thermal-average forces; the
stochastic evolution is determined by the random force x

*

k. The
latter is constrained by requiring the integral of its autocorrelation
function to be proportional to the diffusion coefficient.

The expression for diffusion factors provided above involves an
integration of the correlation function over all time. However, if the
correlation function decays on a long timescale (i.e., on that compa-
rable to OP evolution), the above Smoluchowski equation would be
replaced by one that is nonlocal in time. This would suggest that the
setofOPs couples toother slowvariables. Since theOPs are generated
automatically (as described inSubheading3.1), new slowvariables can
beadded in a straightforwardway tomake the existing setF complete.
These modify the operator L0 (and hence the velocity correlation of
Eq. 22) as the latter involves derivatives with respect toG0 at constant
F. This modifies the diffusion factor, affecting evolution of the OPs.
Such an operator is automatically accounted for via standard MD
codes when the correlation time of OP velocities is short relative to
the timescale ofOP evolution. Thus, the long-time behavior of corre-
lation functions provides a completeness criterion for the set of OPs
and thereby a self-consistency check for the theory and computations.

As f
*

k and D
**

kk0 are OP-dependent, they must be computed at each
Langevin timestep to account for the interscale feedback. A finite
Langevin time step Dt advancement takes the OPs from time t to a
time t þ Dt via Eq. 25. Thermal forces f

*

k are efficiently computed via
an ensemble/MonteCarlo integrationmethod enabled by the nature
of our OPs (4). Atomic forces obtained from the residual generated
OP constrained ensemble (Subheading 3.1) are used to calculate the

OP force f
*m

k . Monte Carlo integration averaging of f
*m

k over the

ensemble is carried out to obtain the thermal (r̂) average force f
*

k.
Hence, the free-energy driving force is obtained via the all-atom
probability density r̂ðG0;FÞ, capturing the cross-talk between OPs
and individual atomic degrees of freedom. Since r̂ðG0;FÞ reflects the
OP-constrained ensemble, the 6N atomic degrees are consistent with
the state of the OPs. As all the factors in OP evolution equation
(Eq. 25) are computed from the interatomic force field via Monte
Carlo integration and MD, the present theory constitutes a calibra-
tion-free approach. Thus, the only element of the calibration is
through the existing force fields (e.g., CHARMM or AMBER), and
not in constructing the thermal-average forces and diffusions. At each
Langevin timestep, the updatedOPs are used to generate the atomis-
tic configurations of the microbial system; then, the host medium is
introduced via a resolvation module (16) and the entire system is
thermalized. An ensemble of such equilibrated atomistic configura-
tions is used to generate the thermal-average forces and diffusions.
The latter factors are used to update the OPs completing one cycle of
the Langevin timestepping.
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In summary, DMSA utilizes the OPs to probe different types of
long space–time motion and accounts for the uncertainty in the
atomistic description via generation of an “on-the-fly” constant OP
ensemble that coevolves with the instantaneous values of OPs (4).
The latter is a measure of system entropy and therefore provides the
driving force tomove the system across the free-energy surface F ðFÞ.
Thus, accounting for the uncertainty via entropy maximization
within DMSA leads to understanding of complex BNS free-energy
landscapes and the underlying ensembles of atomistic configurations.
Therefore, theOPs constrain the probability distribution of atomistic
configurations which, in turn, determines the diffusions and thermal-
average forces mediating OP evolution across the free-energy surface
(Fig. 1). In that our procedure provides both the OPs and the
ensemble of atomistic configurations, it is truly multiscale.

3.3. Applications

to Bionanosystems

In this section we demonstrate the application of DMSA to a variety
of BNSs. OPs utilized for the simulations can probe a range of
motions including extension and shrinkage, twisting and bending,
symmetry breaking due to nucleation and front propagation, and
self-assembly and disassembly of nanostructures over timescales
spanning from 1 to several 100 ns. Selected results obtained using
DMSA are presented below.

3.3.1. Structural Transitions

in Cowpea Chlorotic Mottle

Virus

Cowpea Chlorotic Mottle Virus (CCMV), an extensively studied
virus, was chosen as our model system for investigating STmechan-
isms of viral capsids. CCMV is a member of the bromovirus group
of the Bromoviridae family. The crystal structure of wild-type
CCMV was solved at 3.2 Å resolution by X-ray crystallography
(33). Its capsid consists of 180 chemically identical protein subunits
that form a 286-Å-diameter icosahedral shell displaying a T ¼ 3

Fig. 1. OPs characterizing nanoscale features affect the probability of atomistic config-
urations which, in turn, determine forces driving OP dynamics. This interscale feedback
loop is an essential feature of the dynamics of a nanosystem and our multiscale approach
as implemented in SimNanoWorld.
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quasi-symmetry. Each protein subunit is composed of 190 amino
acids taking three quasi-equivalent positions on the capsid surface.
Each asymmetric unit (i.e., protomer) of the capsid includes three
subunits (A, B, and C) (33). This icosahedral capsid can also be
divided into 12 pentamers and 20 hexamers with five A-type sub-
units in each pentamer, and three B-type and three C-type subunits
in each hexamer. Native CCMV undergoes a reversible swelling
transition (~10% increase in capsid diameter) when pH is increased
from 5.0 to 7.0 or in the absence of divalent cations and at low ionic
strength (I ¼ 0.2 M) (33).

DMSA application to CCMV capsid in vacuum shows that the
native state becomes stable after short-time, displaying only small-
scale shrinkage, whereas its swollen state undergoes significant
shrinkage over a timescale that is much longer than 10 ns (8).
Long-time (200 ns) multiscale simulation via MD/OPX (8) shows
capsid shrinkage (Fig. 2). This shrinkage is an energy-driven
(Fig. 3), symmetry-breaking process that involves large-scale trans-
lation and rotation of pentamers and hexamers in the capsid (Fig. 4).
The capsomers undergo cooperative motions through strongly
coupled allosteric interactions during shrinkage (8). As a result,
this viral ST starts locally and then propagates across the capsid,
i.e., they proceed via intermediate states that are not constrained to
the icosahedral symmetry of the initial and final states (i.e., T ¼ 3).
This suggests it is not appropriate to use symmetry-constrained
models to study the pathways and mechanisms of viral STs.

Fig. 2. 200 ns MD/OPX simulation of the swollen CCMV capsid: time courses of the decrement in the average, minimum,
and maximum radii of the capsid backbone from the simulation starting structure.
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Fig. 3. Variations of the system kinetic and total energies plotted vs. time during 200-ns capsid shrinkage showing a
gradual decrease in the potential energy.

Fig. 4. (a) The average COM translation distance as a function of time for pentamers and hexamers and (b) time courses of the
average rotation angle for pentamers and hexamers calculated through fitting their structures to the initial configurations
showing large-scale translation and rotation of pentamers and hexamers in the capsid. (c) Time courses of RMSD of atomic
positions between pentamer P1 and the 11 others after rigidbody transformation of P1 to the positions of other pentamers
according to icosahedral symmetry showing some pentamersmovemore than others leading to a symmetry-breaking transition.



MD/OPX simulations of native CCMV capsid in 0.2 M KCl
show that the N-terminal arms of capsid proteins undergo large
deviations from the initial configurations, with their length extend-
ing quickly during the early stage of capsid swelling (16). Such
motions are found to take place in other viral capsids. They are
believed to play important roles in packaging the viral genomes
during virus maturation or engineered nanomaterial synthesis using
viral capsids as molecular containers (16). Similar to the shrinkage
of swollen CCMV capsid in vacuum, swelling of native CCMV
capsid in a host medium is also symmetry-breaking, involving
local initiation and front propagation (Fig. 5). The pH-induced

Fig. 5. MD/OPX trajectory snapshots showing the expansion of native CCMV capsid (Ncap) in a water cube with an initial
15 Å water boundary: (a) the starting configuration, (b) 0.5 ns, (c) 1.5 ns, and (d) 3 ns.
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swelling of CCMV has been suggested to be a first-order phase
transition at low salinity (I ¼ 0.2 M) with hysteresis found in its
titration curve (16). However, divalent cations, such as Mg2+ and
Ca2+, bind CCMV capsid proteins at the quasi-threefold axes and,
thus, stabilize the capsid and the complete virus (16). By adding
Mg2+ to the solution ([Mg2+] ¼ 0.01M), hysteresis in the titration
curve of CCMV can be abolished (16), and thus, CCMV swelling
may have second-order transition character. It was also found that
the effect of a high concentration in K+ (e.g., 0.8 M KCl) is
identical to that of Mg2+ for eliminating the hysteresis. As salinity
is increased from 0.2 to 0.3M, the hysteresis loop size is reduced by
a factor of two. Although the above controlling factors for the
swelling of complete CCMV have been determined, those for
empty CCMV capsid swelling are still under investigation (16).

3.3.2. Structural Transitions

in Macromolecules

The genomic material within viruses plays a vital role in maintaining
their 3-D structure. The negatively charged RNA electrostatically
binds to the positive inner surface of the capsid, stabilizing its
icosahedral symmetry. Using SimNanoWorld, we probed STs of
the Satellite Tobacco Mosaic Virus (STMV) RNA in 1:1 and 2:1
electrolytes. This molecule contains 949 nucleotides. The initial
state was that at equilibrium when the RNA resided with the
associated proteins within the STMV capsid. The simulated evolu-
tion followed after the capsid was removed instantaneously. On
removal of the viral capsid, the RNA was no longer constrained
and expanded in the NaCl solution. Following initial expansion the
RNA shrinks, and finally fluctuates among a range of atomistic
states of similar energy. Even though overall shape and size follow
simple trends (Fig. 6), anisotropy in the process leads to symmetry-
breaking which is tracked by our OPs and the constant OP ensem-
ble. The initial symmetry is completely lost in the course of the
simulation (Fig. 7). In the final state (after 50 ns), the tertiary

Fig. 6. Time evolution of the RNA radius of gyration via 50 ns SimNanoWorld simulation
showing an initial expansion followed by a shrinkage.
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structure of the RNA is highly disrupted, although some secondary
structure still remained. The gradual shrinkage of RNA is explained
on the basis of ion shielding effects. The counterion cloud of Na+

concentrates and distributes across the RNA, shielding the electro-
static repulsion between similarly charged nucleic acid residues in
the RNA, causing them to approach one another (34).

In contrast, for a 2:1 electrolyte like MgCl2, Mg2+ ions stabilize
the 3-D structure of the RNA as they tightly bind to the latter.
Thus, both the secondary and tertiary structure of the viral RNA is
preserved for a much longer period of time, unlike in the 1:1
electrolyte case where the tertiary structure of the RNA is
completely disrupted due to diffusive counterion interaction. This
predicted RNA stability in a 2:1 electrolyte is in agreement with
observations (35). Stability can also be imparted to the RNA by
complexing with strands of STMV proteins (35). Simulations
demonstrating this stability are discussed elsewhere (34).

The OPs have been successful in capturing highly nonlinear
motions (e.g., twisting and bending) in macromolecules. This was
demonstrated by OP mediated folding of [Ala16]

+ from a linear to
a globular state (Fig. 8) (5). Probing such nonlinear motions

Fig. 7. RNA structure snapshots at (a) 0 ns (b) 10 ns (c) 20 ns (d) 30 ns (e) 40 ns and
(f) 50 ns.
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require a combination of multiple OPs and are important for
simulating far-from equilibrium structures.

3.3.3. Self-Assembly

of Spherical Components

in a Nanostructure

Self-assembly is the spontaneous organization of simple compo-
nents into larger structures without an imposed template. This
phenomenon occurs frequently in natural and engineered systems
and can involve components from a variety of scales, from the
molecular to the macroscopic (Subheading 3.6). Self-assembling
biological systems for which the present approach is designed
include the viral capsid, ribosome, and cytoskeleton. The self-
assembly of these systems typically takes place on microsecond
timescales or longer.

To demonstrate DMSA for self-assembly, consider a system
consisting of 50 spherical particles, each of 1.2 nm diameter (36).
The system is initialized with random positions, and a Lennard-
Jones potential is used for the pairwise interaction. In particular,
the potential diverges as the distance between closest points on the
surfaces of two particles approaches zero. Results at various times
are shown (Fig. 9). While traditional simulations of such a system
are greatly hampered by the timestep limitation (i.e., the need to
avoid overlapped configurations), the ensemble-average forces
implied by DMSA allow for large timesteps. This holds promise
for simulating self-assembly starting with an all-atom description.
This is currently being applied to a simulation of VLPs.

Fig. 8. (a) Initial linear configuration of [Ala16]
+. (b) Energy minimizing conformation of [Ala16]

+ found using the space-
warping OPs at room temperature.
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3.3.4. L1 Protein Human

Papillomavirus 16 T ¼ 1 VLP

Disassembly

Papillomaviruses are nonenveloped DNA oncogenic viruses. Its
capsid is mostly composed of 72 pentamers of the major capsid
protein (L1) on their outer surface, arranged with T ¼ 7 icosahe-
dral symmetry (37, 38). The L1 protein has all necessary informa-
tion for VLP assembly (37, 38). Particle size can be regulated by
N-terminal truncations. For example, the Human Papillomavirus
(HPV) 16 L1 proteins lacking the first 10 residues assemble into a
T ¼ 1 particle with 12 pentamers, deletion of nine or fewer of these
N-terminal residues leads to a T ¼ 7 assembly (37).

It is observed that truncation of specific helical regions from the
C-termini of L1-pentamers affects pentameric assembly (38). Heli-
ces h2 and h3 are found responsible for pentamer formation and h4
is indispensible for assembly. We demonstrate T ¼ 1 HPV16 VLP
disassembly postdeletion of all three helical regions under experi-
mental conditions of salinity (0.25 M), temperature (300 K), and
pH (7.0). The initial and final structure from the 100 ns SimNano-
World simulation is shown (Figs. 10 and 11). These results illustrate
the potential use of our multiscale approach as a basis of a com-
puter-aided vaccine design strategy as, e.g., the T ¼ 1 and T ¼ 7
VLPs are used as vaccines against HPV-induced cancers.

3.4. Roadmap for First-

Principles Cell Modeling

The paradigm presented for BNS theory in the previous sections can
be reconsidered as a basis for cell modeling. The structure of a virus is

Fig. 9. Self-assembly of 50 spherical components of 1.2 nm diameter each. The CM positions are shown at different CPU
times. (a) Initial configuration (time ¼ 0). (b) After 31 min of CPU time. (c) After 1 h and 53 min of CPU time. (d) After 3 h
and 40 min of CPU time.
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encoded into the sequence of its genomic molecules and capsid pro-
teins. In contrast, the greater complexity of cells requires additional
mechanisms for assembling and stabilizing structures. For example,
cells inherit structural features, notably that of the outer membrane
and various organelles, directly from the previous generation.

Cellular self-organization involves autonomous pattern forma-
tion at multiple spatial scales. Laws of physics reveal the mechan-
isms underlying these processes when their multiscale character is
woven into the analysis. For example, Brownian motion is signifi-
cant within cellular compartments (39–41), and the spontaneous
differentiation among daughter cells accompanying stem cell divi-
sion can be understood via far-from equilibrium biochemical pro-
cesses (42–44). Thus, the DMSA of Subheading 3.2 is a natural
choice for cell simulations as it accounts for the short-timescale
fluctuations over and above the slow coherent structural dynamics.

Cell models are often cast in terms of compartments among
which populations of molecules and reactions are attributed.

Fig. 10. Multiscale simulation via SimNanoWorld of the T ¼ 1 HPV16 L1 protein VLP with
helices h2, h3 and h4 removed at (a) 0 ns and (b) 100 ns showing disassembly.
Simulations (not shown) for the whole VLP indicate stability. These findings are in
agreement with experiments (38).

Fig. 11. SimNanoWorld predicted evolution of the HPV16 VLP L1 protein pentamer with
helices h2 and h3 removed showing the (a) 0 ns (b) 100 ns indicating these helices are
responsible for intrapentameric stability as observed (38).
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The compartments, and hence the membranes that surround them,
are prescribed in these models. OPs closely related to the concen-
tration of a given type of molecule (and possibly their orientation
within an interval) (14) may be introduced as a microscopic repre-
sentation of a cell. If populations of molecules are large within a
compartment of characteristic length of interest, these “molecular
counters” evolve slowly and thus can serve as the basis of a domain-
decomposition multiscale approach (45). While the distribution
and dynamics of these chemical components are readily accounted
for by domain-specific population counter OPs, and similarly for
continuous density profiles as OPs (14, 46, 47) for capturing non-
uniformities within a compartment, such a predefined compart-
ment approach does not straightforwardly fit the paradigm of
Subheading 3.2. In particular, compartment-boundary membranes
are only about two lipid molecules thick (i.e., a bilayer), or, in some
types of membrane, a few protein widths thick. This suggests that a
first-principles cell theory should integrate continuum and atomis-
tic level models.

Some of these difficulties can be addressed using multiple types
of OPs. Consider the space-warping parameters of Subheading 3.1.

Introduce different OPs F
* ðaÞ
k for each of a series of subpopulations

a ¼ 1; . . . ;Ng . Let YðaÞ
i be one if atom i is in group a, and zero

otherwise. With this, Eq. 2 takes the form

r
*

i ¼
X
k

F
* ðaÞðiÞ
k U

kiðaÞþs*i
; (26)

where aðiÞ is the group to which atom i belongs and UkiðaÞ is
constructed in analogy withUki except that sums on i are restricted
to atoms in group a. For example, the DNA can be atoms for group
a ¼ 1, the lipids in group a ¼ 2, etc. The novelty in the present
approach is that the DMSA allows the interaction of the macromo-
lecular conformational and the continuum variables to be treated in
a self-consistent calibration-free manner.

In this framework, memory of atomic-scale structure is
contained in the reference positions r

*o
i used to construct the

UkiðaÞ . Thus, information on the initial structure of the phospho-

lipid cell membrane is propagated in time via the slowly evolving
reference positions. Through our OP-Langevin dynamics (Sub-
heading 3.2), the membrane can deform. If conditions favor the
breakup of a membrane, this will be indicated in the residuals s*i and
in the slowly changing reference structure that, in our procedure, is
updated once every several timesteps (7, 8, 16, 34). As this
approach can account for diffusion of molecules across complex
media, and the self-assembly of components into complex struc-
tures (36), it holds great promise for calibration-free cell modeling.
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The above framework describes nonreactive aspects of cell
dynamics. This follows from the fact that the assumed underlying
model is the Newtonian dynamics of N atoms evolving via an inter-
atomic force field (e.g., CHARMMorAMBER).While this approach
accounts forVan derWaals and other nonbonded forces, it is based on
a set of predefined bonded interactions, and thereby does not capture
chemical reactions. However, there are interatomic force fields that
capture bond breaking and making (48) and methods for coevolving
the quantum electronic and classical nuclear dynamics (e.g., Carr-
Parinello MD(49)). While there remain technical challenges regard-
ing the CPU requirements and such generalizations of the force
fields, we believe the possibility of calibration-free first-principles
cell modeling is within a few years of realization and we are working
towards that goal for prokaryotic cells and mitochondria.

Eukaryotic cells are hierarchical in character, i.e., there are com-
partments within compartments. For example, a eukaryotic cell
contains the nucleus and a number of mitochondria. If the above
first-principles approach is successful for prokaryotic cells, the OP
multiscale approachwill be implemented in a hierarchical algorithm.

To realize this for the first-principles cellmodeling paradigm, one
must develop a self-consistent multiscale framework that integrates
multiple types of OPs. Within the classicalN-atom formulation, our
approach starts with the N-atom probability density r. Let

Fð1Þ;Fð2Þ; . . . be sets of OPs of various types denoted FðaÞða ¼
1;2; . . . ;NgÞ. With FðaÞ there is a related set of momentum-like

variables PðaÞ and a small dimensionless parameter eðaÞ such that

LFðaÞ ¼ eðaÞPðaÞ for Liouville operator L (11, 13, 34). By analogy
with the discussion of Subheading 3.1, FðaÞ can be related to the
underlying 6N atomic positions and momenta. With the ansatz that

r depends on G both directly, and, via the FðaÞða ¼ 1; 2; . . . ;NgÞ,
indirectly, the chain rule implies that r in this form satisfies

@r=@t ¼ L0rþ PNg

a¼1

eðaÞLðaÞr where LðaÞ ¼ �PðaÞ� @=@FðaÞ at con-

stant values of all OPs except FðaÞ and L0 follows from the ansatz on
r and the chain rule as in Subheading 3.2 (seeNote 1). For notational
convenience, take Fð0Þ ¼ G and eð0Þ ¼ 1. To proceed via a perturba-
tion analysis, one may consider a united limit wherein eðaÞ ¼ qðaÞel

ðaÞ

where q ðaÞ is a constant and, in framing the e development, we take lðaÞ

to be an integer. With this, one may introduce the set of times
tn ¼ entðn ¼ 0;1; . . .Þ and themultiscale Liouville equationbecomes

X1
n¼0

en
@r
@tn

¼
XNg

a¼1

qðaÞel
ðaÞ
PðaÞ � @r

@FðaÞ; (27)

where Pð0Þ and Fð0Þ are such that the a ¼ 0 term on the RHS

becomes �PN
i¼1

½ð~Pi=miÞ � ð@=@r*Þi þ Fið@=@p*iÞ�r for mass and
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force mi and F
*

i, for atom i, respectively. With this, one may
construct r as an expansion e and obtains a self-consistent multi-
scale theory of the stochastic dynamics of cellular systems.

3.5. Entropy Methods

for Automated

Calibration, Running,

and Uncertainty

Assessment of Cell

Models

Predictive, quantitative system-level models yield insights into vari-
ous phenotypic behaviors of cells (Fig. 12). These models involve
an extensive set of biochemical transport and reaction processes,
many of which are unknown, as are the associated rate and trans-
port parameters. The question arises as to how one can use these
incomplete models and limited experimental data to simulate cellu-
lar behavior. We have addressed the challenge of model calibration
and incompleteness for cellular systems based on an information
theory approach (23, 24). The challenge remains to integrate these
methods into a general cell computation platform for calibration,
running, and uncertainty assessment.

Fig. 12. A genome-wide transcription–translation model of a human cell shows dramatic
transitions suggestive of the onset and progression of cancer. (a) Cell state bifurcation
diagram showing two RNA levels as a function of transcription rate fore-factor. The RNAs
types are TP53 and ESR1. (b) Cell state bifurcation diagram showing RNA level of TBP as a
function of transcription rate fore-factor.
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Reaction-transport models of cells are usually cast in terms of
coarse-grained variables such as concentration profiles and, in some
cases, variables describing mechanical properties (e.g., electrical
potential or deformation profiles (39–41, 50)). These equations
contain a set of parameters l that must be calibrated for each cell
type and external conditions (e.g., pH and temperature). Usually,
equations for some of the descriptive variables are not known (e.g.,
the full set of metabolic reactions and processes controlling tran-
scription, splicing and translation, as well as signaling pathways
connecting surface receptor interactions to the aforementioned
processes). These models often fail to account for important
biological phenomena such as molecular crowding, local nonuni-
form intracellular concentrations, and intracellular redox condi-
tions. Another common problem is that the data may have been
collected from a number of different strains or members of a family,
and this can have consequences regarding the applicability of these
measurements for the organism of interest. Thus, we are faced with
the challenge of running and calibrating an incomplete model of a
highly complex system using data with a considerable degree of
uncertainty.

In a series of studies (23, 24) we developed a strategy for
addressing some of these difficulties. The basic description
adopted involves the probability r that depends on (a) the set
of state variables G for which the equations are known, (b) those
U for which they are not known, and (c) a set l of phenomeno-
logical parameters. Since there is no equation for U, r is a func-
tional of the U timecourse. The set G of variables satisfy known
equations, e.g.,

dG
dt

¼ Gð~G; wexp;U; lÞ: (28)

We have divided the set G of variables for which the governing
equations are known into two sets: wexp represents those for which
time series experimental data is available, and ~G represents the
remainder. The above equations cannot be solved unless (a) wexp,
the set of experimentally determined timecourses, is known; and
(b) the set U of variable timecourses, for which governing equa-
tions are not available, is somehow constructed.

The above incompleteness is addressed by compensating for
the absence of a governing equation for U using experimental data
wexp. In the above formulation, r is a functional of UðtÞ and a
function of l. We have developed and implemented computational
methods to address the above framework (23, 24).

Once r has been constructed by the entropy maximization
principle, one can determine the most probable values of l and
time-course for U. In this approach, we solve
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dr
dUðtÞ ¼ 0

@r
@l

¼ 0

; (29)

where d=dUðtÞ is a functional derivative and @=@l is a partial
derivative.

The above concepts have been implemented in the context of
metabolic networks (23) and genomic regulatory processes (24).
In the latter case, the probability as a function of the stoichiometry
of regulatory process and the related rate coefficients, as well as a
functional of the timecourse of transcription factors within the
nucleus, was constructed. This computational approach was
applied to bacterial systems (for which the complexities of splicing
as in) is absent (51, 52), as well as for several cell types (53–55).
Future work in this area is very promising in light of the rapid
development of multiplex analytical techniques such as microar-
rays and single nucleotide polymorphisms (SNPs). To facilitate
advances in this area we are developing a comprehensive software
platform SimEntropics™ as discussed in Subheading 3.6.

3.6. Prospective

and Conclusions

Addressing incompleteness in our understanding of microbial sys-
tems is an essential factor in the attempt to develop predictive
models. Two perspectives on this challenge have been discussed:
(a) the deductive statistical mechanical approach starts with a well-
understood level such as the Newtonian dynamics of an N-atom
system and yields equations for the stochastic dynamics of OPs
characterizing the larger scale state of the system and (b) entropy
methods wherein an incomplete model is integrated with uncertain
data to control and assess uncertainty and automate calibration. In
both cases, the fundamental quantity is the probability r of that
element of the model which one does not understand or under-
stands with greatest uncertainty. The challenge is then to construct
r, and from it, find the most likely value of the uncertain factors.

The above approaches and situations have been analyzed in our
previous publications and salient features of the theory and applica-
tionwere presented here. A further issue in themodeling of complex
systems is self-organization. Self-organization is the spontaneous
emergence of patterns in the distribution of physical quantities
over space and time. Starting from the pioneering work of Turing
(56), and Prigogine and coworkers (57), there have been many
breakthroughs in understanding this phenomenon and its origins
in physics and mathematics. In the context of microbial modeling,
self-organization presents both a challenge and a potential simplifi-
cation. Even if one knows many details of the history of large-scale
external influences on a system, there may be much uncertainty
regarding the fine-scale state of the system. Extensive experience in
the theory of self-organization in a variety of systems has been
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acquired over the last several decades.Developing a general platform
for simulating microbial systems requires a broad understanding of
self-organization phenomena since it is may not be otherwise feasi-
ble to have sufficient data to impose intracellular or other structure.
In contrast, if one uses a model that incorporates self-organization
mechanisms, then many of the spontaneously emerging structures
within a microbe can be predicted. Thus, a predictive model of self-
organized intermediate- and fine-scale structures in a microbial
system can avoid the need to account for them in a probabilistic
fashion, or construct them from extensive suit of experimental data.

A comprehensive software platform is needed that has the
generalized and user-friendly format enabling the efficient casting
of a problem in the probabilistic framework discussed here. We are
developing such a framework denoted SimEntropics™. It incorpo-
rates the classes of techniques reviewed above and modules for
solving the relevant equations. The modular structure also enables
introducing new types of models/physics/biology. We believe
SimEntropics™ will be a major advance in microbial systems mod-
eling. Applied studies of systems such as the environment, BNSs,
microbial fuel cells and computer-aided design of vaccines, and
other therapies are promising areas for future work.

Amajor advance in the spirit of SimEntropics™ is the SimNano-
World software (4, 34). It uses the multiscale statistical mechanics
techniques outlined in Subheadings 3.1 and 3.2 and demonstrated
in Subheading 3.3. SimNanoWorld is being used to design vaccines
for viral diseases, and in particular cervical cancer caused by HPV.
SimNanoWorld illustrates that DMSA enables the use of uncertain,
incomplete models. Admitting our uncertainty in the fine-scale
states (e.g., for the position and momenta of N atoms), one is
naturally driven to construct the probability of these states using
entropy (uncertainty) maximization techniques. Having derived
the probability distribution for the fine-scale states, one can con-
struct all factors in the coarse-grained equations via DMSA. This
yields a calibration-free approach for to microbial modeling. Imple-
mentation of our recent advances according to the roadmap (Sub-
heading 3.4) will, we believe, constitute a new paradigm for
microbial modeling and have demonstrated this via the SimNano-
World software (4, 7, 8, 16, 34).

4. Notes

1. Derivation of the Multiscale Liouville Operator.
Here we derive the multiscale Liouville operator of Eq. 9 using
the ansatz (Eq. 8), and chain rule on the classical Liouville
operator L. With this, for particle i the latter becomes
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Substituting Eq. 6 in 30 imply
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Extending the above to N-particles one obtains
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This justifies the form of Liouville operator in Eqs. 9–11 and
hence the e dependence r of the N particle density.

2. Lowest-order solution to the Liouville equation.
The conditional probability r̂ as in Eq. 13 is obtained via an
information theory approach. With Jaynes, as formulated here
(4, 11, 34), the entropy S for classical systems is proportional to
an integral over G of r̂ ln r̂ restricted, in the present context, to
states for given F. The restricted state counting is addressed by
a factor DðF� FðG�ÞÞ i.e., states G� available are those for
which with FðG�Þ is close to F. With this,

S ¼ �kB

ð
odG�DðF� FðG�ÞÞr̂ ln r̂: (33)

Here D is a product of Dirac delta functions one for each
OP and o is the state density factor.

Entropy is maximized subject to normalization and the
average energy constraint yields r̂ ¼ e�bH=Q ðF; bÞ where

Q ðF; bÞ ¼ R od3NG�DðF� F�Þe�bH �
. Since L0r0 ¼ 0 and

L0r̂ ¼ 0, then the most general expression for r0 is
r̂ðG;FÞW ðF; tÞ where G ¼ G0 and W is to be determined in
the higher-order multiscale analysis. Note r̂ does not includeD.
Rather, such a factor is accounted for when taking averages
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with the conditional probability by limiting configurations to
the relevant ones (i.e., those for which FðG�Þ is the particular
value of interest for the OPs). In this way, the quasi-equilib-
rium ensemble density r̂ provides information only on those
states wherein the relationship between F and G are main-
tained. Thus, one should include DðF� FðG�ÞÞ in identifying
such states G� over which the configurational integral should
be carried out. For some choice of initial data, r0 will have
short-timescale character (e.g., due to a shockwave). Under
such conditions our assumption on the lowest-order quasi-
equilibrium behavior is violated as OðeÞ scaling of the OP rate
of change is disturbed (Subheading 3.2). Thus, the theory
breaks down. In such cases, one expects non-Smoluchowski
behavior. The present formulation can be generalized to
accommodate such inertial effects (13).

3. Removal of secular behavior in r1.
The Gibbs-hypothesized equivalence of long-time and ensem-
ble averages plays a key role in the multiscale analysis of the
Liouville equation. The lowest-order Liouville operator L0 has
a corresponding propagator e�L0t0 that evolves dynamical vari-
ables (i.e., any function of G) in time, yet leaves F unchanged.
Thus, the Gibbs hypothesis takes the form

lim
t0!1

1

t0

ð0
�t0

dt 00e
�L0t

0
0A ¼ hAi: (34)

Here h� � �i indicates an average of any variable over all config-
urations selected by the factor D and weighted by r̂.
From Eq. 15,

r1 ¼ eL0t0A1
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Since r̂ is in the null-space of L0, @=@Fðw=Q ðF;bÞÞ can be
brought out of the integral in Eq. 35

r1 ¼ eL0t0A1
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Using the Gibbs hypothesis from Eq. 34 at t0 ! 1,
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r1 ¼ eL0t0A1

� t0 r̂
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Since hPi is a r̂-weighted average it vanishes. With this, there is
no term to balance the t0-divergent contribution to r1 at large
t0; hence DðF� FðG�ÞÞ must be zero.
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