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1. Introduction

Smoluchowski and Fokker-Planck equations for the stochastic dynamics of slow variables have been derived from the
Liouville equation via several multiscale approaches [1-13]. These studies introduce a perturbation parameter ¢ such as a
characteristic mass, length, or time ratio and then derive the aforementioned stochastic equations via an expansion in &.
In general, the stochastic equations emerge in the O (82) analysis of the Liouville equation used to construct the N-atom
probability density [1-11].

In the course of re-examining this work, several questions emerge. The Fokker-Planck and Smoluchowski equations
yield the evolution of the reduced probability density W for a set of slow variables (order parameters). These variables
evolve on timescales much longer than that of individual atomic vibrations and collisions. Examples of these slow variables
include the center-of-mass (CM) and overall structure of a nanoparticle. The equations for W of the aforementioned types
are closed in W and only involve evolution on long timescales. It was shown [12,13] on general grounds from the Liouville
equation that W is conserved (i.e. obeys a conservation equation), and to O (82) is closed given restrictions on the initial

data for the N-atom probability density to first order. In addition, the resultant O (82) equation was derived from the O (g)
analysis of the Liouville equation and the general conservation law for W. Questions arise regarding (1) whether there is
more general initial data for which the resulting stochastic equation is closed in W, (2) whether it would still be closed if the
analysis is carried out to higher order and what are the associated necessary conditions on the initial data, and (3) whether
a perturbation scheme in ¢ would breakdown in higher order.

The specific aim of this study is to conduct a multiscale analysis of the Liouville equation as represented earlier [ 12,13] and
continue the analysis up to O (83) truncation of the equation for W. We also present a more general set of solutions/choices

of the initial data required to close the resulting stochastic equation for W for both the 0 (¢?) and O (%) truncations.
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2. Formulation

Our demonstration system is a single nanoparticle in a host medium. Key variables used are as follows. The CM of the
nanoparticle, @, is defined as

@ = 'F.0;, 2.1)

SE

i=1

where m; is the mass of atom i, N is the total number of atoms in the system (nanoparticle plus host medium), 7; is the
position of atom i, M = Zf'zl m;®; is the total mass of the nanoparticle, and ©@; is 1 when i is in the nanoparticle and 0
otherwise. The total momentum /7 of the nanoparticle is given by

o= po, (2.2)

Mz

i=1

where p; is the momentum of atom i. Here, IT is not assumed to be slowly varying and is thus not considered an order
parameter (see Refs. [12,13] for other cases and further discussion). Define ¢ via

m
=u < 1, (2.3)

where m is the mass of a typical atom in the nanoparticle.
The state of the N-atom system is denoted I = {?1, P1,...Tn, ﬁN}. The probability density p (I", t) at time t satisfies
the Liouville equation:

N
_> 3,0
L Z F-— )= £p, (2.4)
i1 m; apl api

where F,< is the force on atom i and . is the Liouville operator.
The reduced probability density W is defined via

W@, = / ar+s (p— & (1)) p (1. t). (2.5)

where @ is a value of the CM of interest.
Using Egs. (2.4) and (2.5), and proceeding as in Pankavich et al. [12,13], one obtains the conservation equation

ow 9 33 T
— =—&—= drs (e — — 2.6
= ([ers@-anT). @

where the superscript * on @ and I7 indicates & (r'*) and i (I'*). Following arguments presented earlier [8-13], the N-
atom probability density is expressed as a function of both I" and &. In other words, p (F, D, t) depends on the set of atomic

positions and momenta, both directly and indirectly through @. With this and the chain rule, one finds

L L 2.7
at = (Lo+eLy) p (2.7)
N >
Di 0 - d
0 Z;(m, al’i+ ! 3[),) ( )
o 9
L1=——  —. 29
1 m 9 (2.9)

Note that derivatives with respect to I" in /£ are at constant @, while those with respect to @ in L1 are at constant I".
The next step in the multiscale analysis is to construct a perturbative solution of the Liouville equation (2.4) such that

[0@)
p=7) pn (2.10)
=0

A set of scaled times, t; = ¢"t (n =0, 1,...), is introduced to capture the various ways in which p depends on time;
ie. p (F, D, to, g), where t = {ty, t5, ...} represents the set of long-time variables. With this, using the chain rule, and
proceeding as earlier [12,13], one finds
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and forn > 0,
n
Aopn == Aipn-i (2.12)
i—1

where A, = 3% — Lpand £, =0forn > 1.
While Pankavich et al. [13] explore a variety of ensembles, we choose here the case of a closed, isothermal system. This
leads to the following solution for the lowest order probability distribution:
e*ﬁH W() (q_s, E) R
Po = 0 - PWo (2.13)

- - - * 2 > o > .
where Q (B, ®) = [dI'*s (& — @*)e P H(I') = >y, z%i + V(). Iy = {f1, 75, .. .7y}, and Wy is the lowest order
reduced probability density (W = Y 2 e"W).

To O(e), Eq. (2.12) admits the solution
to ,
P11 = e£°t°A1 — / dtéexo([oirO)AhOo (214)
0

where A, (", @, t) is the nth order initial condition (n = 1,2, ...).
Inserting (2.9) and (2.13) in (2.14), using the Gibbs hypothesis, and removing the secular behavior in o1, one finds

AW,
?‘) =0. (2.15)
1
Thus,
- AW, 0 i
p1=A1+p <ﬁmeo Y- ) : / dse‘x"sa, (2.16)
—to

wheres = t; —to. AsQ = e~ PF for free energy F, one finds

"= —9F/0d. (2.17)

To obtain Eq. (2.16), the assumption that the first order initial data resides in the nullspace of £, (i.e. £LoA; = 0) was
used. In what follows, we extend this assumption to include all orders, i.e. forn > 0

LoAy = 0, (2.18)

and explore the implications for an augmented Smoluchowski equation. To stop the analysis at this point would yield the
Smoluchowski equation as earlier [12,13]. In the next section, we continue the analysis to higher orders and explore the
implication of the theory, especially on the choice of the initial statistical state of the system.

3. Initial data, closure, and the augmented Smoluchowski equation

On physical grounds, we expect that not all initial data should lead to the Smoluchowski equation. In this section, we
investigate the types of initial data that are consistent with the Smoluchowski equation and explore the implications of
multiscale analysis for generalized equations when the perturbation series solution of the Liouville equation is carried out
to O(¢2). The result is a generalized equation for the reduced probability valid to O(e?). Pankavich et al. [ 12] showed that up
to O(¢?) the resultant stochastic equation (of the Smoluchowski or Fokker-Planck type) is closed if A; = 0. This implies the
first order correction to the reduced probability density W is zero, since it is related to A; via

W = fdr*a (B — &%) A, (I*, &%, 1). (3.1)
In what follows, we consider a more general choice for A; that is consistent with (3.1), i.e.

Ay = pW;. (3.2)
To 0(&2), one finds

Aop2 = — (A1p1+ Azp0) - (33)
This admits the solution

o -
_ dpo  0p1 I 0p
=A, — dsefos§ 2 4 4 . 1, 34
P2 2 /;ro { oty aty, m 9P (34)

recalling that A, is taken to be in the nullspace of £.
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Inserting (2.13) and (2.16) in (3.4), one obtains

0 aw A - 3\ oW, 0 T
02 = A — / dse £ 1 p——2 + Ly b [(ﬂfth - f> O] / ds'e=fos —
—to 8f2 daty oD dty —(s+to) m

17 A, IT 9 AW, 0 T
ot (/3 u 0) f ds'e 0" — | | 1. (35)
m 8(15 m 0@ 0P —(s+tg) m

Using (2.15) and (3.2), and rearranging terms, (3.5) becomes

W, aw1> (aw] Zyy ) /0 T
=A;—t + - - dse™0°—
P = fo = o < 0t aty P 0P AW —t m
p Fth 9 Fth 0 LoS 1 0 Los' 1
+—=|—=-8f ><ﬁ—ﬂf )W()(/ dse™ 0517/ ds'e” 0517)
m? (845 0P —to —(s+tp)
o (AW, 0 -9 0 -
+ % ( . ﬂf[hWo> {f dse™%o5[T . — (/ ds'e=*%os H)} ) (3.6)
m? \ 9o —to 0D \J—(s+t9)

Multiplying both sides of (3.6), evaluated at I"*, by A (where A = § (5) — 55*)) and integrating over I"*, one obtains

oW, aw
/dF*Ap2=/dF*AA2—tO/dF 5( ) (at°+at1)
2 1
1 oW > -
L farap (2w ([ s
m BYes 1
1 * Zth d Zth 0 —LoS T 0 s a—Los’ ¥
—I—— dr ap ——ﬁf — Bf" | Wy dse™"0°IT ds'e "% IT
I 3q> —to —(s+to)
Gl 0 -
+— / dr*ap (— - ﬂffhw0> { / dse= o5 [T . ( / ds'e %o’ n)} (3.7)
—to 345 —(s+tp)

We remove secular behavior in p,, i.e. we impose the condition that p, must be bounded as ty — oo. This implies

lim l/clr 5( ),02_0 (3.8)

to—00 ty

With this, using (3.8), and applymg llmt(ﬁOQ to both sides of (3.7) yields

(2) (2)

(G =50 ) = (=) (g o) w5 (s o) wo oo

where the summation over repeated indices is implicit, following the Einstein convention, and
0

y2 = <17a / [dse—£05na,> (3.10)

@ O s

Ao = <17a /_t dsa(pa (e7*0 na/)>, (3.11)
where

Y) = /dF*S (& — &%) pY (3.12)

for any dynamical variable Y (I"). Also, recall that the statistical mechanical postulate “the longtime and ensemble averages
for equilibrium systems are equal” implies

0
(v) = /dF*S (6 — &%) pY (I'*) = Y" = lim [ asetoy, (3.13)

tooo t J
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With this, (3.6) becomes
2) )
R Yool ad d " A a th
= A; — pt « —_— = 7| Wi @ — —
P2 2 ;00|:m2 (3‘Pa 0‘)(8450/ 1, o+ m ooy Bfy

ow 0 11,

_ ,?) 1 foihw1 f dse_£057a
0D, —t m

A 0 0
p —Los / —Los th

+ — / dse 017/ ds'e 017,)( )(——ﬂf)
m? ( —to * )40 0D, 09
0 9 0 , AW,

+ % {/ dse (/ ds'e %o’ Ha)} ( 9 ) ) (3.14)
m —to 845 —(s+tg) 3@1

Using (3.13) and the definition of W in (2.5), (3.7) becomes
W, = /dr*a (& — &) pr = /dF*6 (& — &%) A,. (3.15)

Similar to the argument yielding (3.2), we choose the initial data for p; as
Ay = pW, (3.16)

and investigate the consequences for closure. This means that as long as the first and second order initial conditions can be

written as a function of I" and @ in the separable form such that the atomic variables I" satisfy the ensemble generated by

the conditional probability p, the first and second order corrections for the reduced probability density can be found from

(3.2) and (3.16). One can envision that this might be generalized to higher orders; however, this requires further analysis.
Inserting (2.13), (2.16) and (3.14) in the RHS of (2.6), and using (3.2) and (3.16), one gets

m;, m;
/dFA p—/ * n‘? (po +&01 + € p2)
/ Mo , awl)
dreap
oty
/ / dse—tos a2 :2 ( / deto¢ s >]
—(s+to) m
oW,
( o é’;Wo>' (3.17)

*

A

+e p
m

n*
= /dF*A,?) r;] Wo+8/dF*AA
17* 0 IT* oW, IT*
8/dF*A (/ dse=$os 22 )(ﬁ Wy — °> +82de*Af) LW,
—to m 0Dy, m
( aty
0
/ dse‘“COS e, AL hyw,
90y, 2
0 th
- — - W,
(a2 (-8 o
* 0 * 0 *
ezfdl’*A,?)% {/ dsetos 12 [/ a0 (efosﬂ‘“)“
m —lo m —(s+to) 0Py, m
9D,
Define the coefficients y® and A® as

0 0
Vet as = <17a1 / dse™40°I1,, / dS’e‘£°S’Ha3> (3.18)
—t —(s+t)

0 0
d ,
Affl)am = <1‘10(1 / dse—iosHQZ/ dS/48® _ (e_IoS 17‘,3>>. (3.19)
—t —(s+0) o
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With this, and noting that <ﬁ*) =0, (3.17) becomes

; Vaz 9 Va2, 3
drxa—= ,0—+8 ‘2<ﬂf >W0+2 ”(ﬁf )W1
/ 2 3, 2 3,

2 yogi)xz% 0 th th 2 )\'5431)052% 0 th
o \de,, Pla a? Plas JWot & =57 Ga,, ~ Plas JWo- - 320)
o) o3

Inserting (3.20) in (2.6) yields

1% 3 @ 3
- = 82 {yctlaZ ( _ﬂ;’;) (W0+8W])

at 30y, | m \od,
(3)
g 0 fVerogas (i d W
00, | m* \oa,, ") \oa,, "o
I d

3 oa3 th
— — Wo ¢ . 3.21

& 3450(1{ m3 <3(pa3 fa3> 0 ( )

For the above equation to be closed, the first and second order reduced probability densities W; and W, need to be zero.
However, note that to O(g?)

S A
at Ab,, | m* \ad,,

- on) Wo + 8W1)} ) (3.22)

which is closed regardless of the value of W, i.e. replacing Wy + eW; by W.

In what follows, we continue the analysis of the Liouville equation up to O(¢3) and O(¢*), the aim being to discover hidden
terms that are required in the O(¢?) stochastic equation to yield closure in W in a manner similar to the way the W; term
was brought from the O(g?) analysis of the Liouville equation to bring closure to the O(¢?) equation of W.

To 0(¢3), one gets

Agp3 = — (A1p2 + Azp1 + Azpp) . (3.23)
Therefore
0
_ 8;00 8,01 8,02 II apz
=A3— | dsefoS ) —— 4 — 4 —= 3.24
2= /[0 :8t3+8rz+8rl+m Y (329)

where Aj is taken to be in the nullspace of £y, as stated in (2.18).
Inserting (2.13), (2.16) and (3.14) in (3.24), one gets

0 0
103=A3—/3/ dse‘iosi%_F%_,_%_(/ ds’e“’fos'H)( 0 a)
—to 8t3 8t2 8t1 —(s+tp) 8(pa

(2) )
ydlaz 9 _ th 9 )”0110!2 0 _ th
X [ m? <a<pa Al [\ o P ) =2 \5a, — P

I, 9 I, 9 0
+— ( ﬂf;h) - —t ( - B ;”) / ds'e 0% p¥ } (3.25)
m 09, 1 m 09y, 1 —(s+10) 293
where
(2) )
* yalaz 0 th 0 )”011012 0 th oW,
= 12 MW + 422 — — Wo + — w
Par = "z \ g0, P )\ Ga, ~ Pl )Wot 2 (g, — P 0+m ap, e
1 0 p 9 9
— | ds”"e 405" 1, — — B )W,
* m? ( “ /(s+s’+t0) v e ) <3¢a * ) (3(1%/ Pla °
1 d 0 " AW,
X — | My —— / ds"etos a (—0 - ﬁf;hwo) . (3.26)
m 0Dy —(s+s'+to) 0D,

s s
[ dr*A—=21p is now equal to the right hand side of (3.20) plus & [ dI"* A— p3. However, as our objective is to construct
a rate equation for W to O(¢?), we are only interested in the ¢ and &2 terms appearing in the second integrand. As can be
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seen from (2.6), these will contribute to the O(¢?) and 0(¢3) parts of the final stochastic equation, while the &3 terms will
contribute to the O(g*) part. Thus, all the W, terms will have O(¢>) contribution to (3.20) while the W; and W, terms will
have O(g?) and O(¢) contributions to (3.20). To further clarify this last statement, take for example a general equation for
W, 0W /0t = gJW; this translates into W /0t = %] (W, + eW; + £W,) to O(e?). With this, we can see that the W; and
W, terms needed to close the W conservation equation to O(g?) are 3W; and £*W, and thus can only be found from the
0(&?) and 0(e*) analysis of the Liouville equation.

With this, neglecting terms higher than 0(g?) yields

H* )/(2) 3 )/(3) 8 a
3 * o 10 th 2 2 fojopas th th
£ dr=a = —e—=—— eWy) +ef——= — — eW
/ m m? <8¢a2 "‘2) (W) m3 <8<Da2 P "‘2> <8¢a3 g “3> W)

Moy (9 "
+52% (a@ -8B ;3) (eWy) (3.27)
a3

-

noting that W3 = [ dI'*§ (5) — 0_5*) p3 = [dIr*s (o — 03*)A3 which is shown in a similar manner as done for (3.15).
To O(e*), one gets

Agps = — (Aq1p3 + A0 + Azp1 + Agpo) . (3.28)
As the contribution of p4 to [ dI™* A HZI pisof 0(e*)  (asp = po + &p1 + €2 p2 + €2 p3 + e p4), only the W, and higher

order correction terms will have 0(¢2) or lower order contributions to (3.20). Thus, neglecting the W, and W, terms in pg,
(3.28) admits the solution

oW [ D o, 9 . /0 .., 9
=As—p—or — Bfth ) w. 1 dse~fos222 [ —_ _ grthjyy, b, 3.29
pa 4 p 3t1 * p (84501 fa ) Tt m 8¢a1 {p —to > m 3450,2 ® ’ ( )

With this and neglecting all terms higher than 0(¢?),

1; Vo 3 3 23 3
4 * o1 2 fajapas th th 2 2 ajapas th 2
€ dIr'*A—pg = - ———= — — e W. & —— — eWy).
/ m Pa m3 <8¢a2 '3 az) (a¢a3 'B ag) ( 2) + m3 <3@a3 ﬂ a3> ( 2)

(3.30)

Inserting the RHS of (3.20), (3.27) and (3.30) in (2.6), yields to O(¢?)

w0 |vd, [ 9 " s 0 v (0 d
ow _ aja _ wl— 10203 _ th _ th w
ot~ 9a,, : m \ oo, P Con | m \aay, e )\Ge, TPl

a |8 9
3 10003 th
—¢ - Wi, 3.31
3Dy, { m3 <8<1>a3 p "‘3> ( )

We term (3.31) the augmented Smoluchowski equation.

4. Conclusions

We have shown that one can obtain an augmentation of the Smoluchowski equation. As expected, such a closed equation
only exists for initial data on p that is quasi-equilibrium in character (i.e. £oA, = 0). Unless initial conditions are set to zero,
closure of the stochastic equation in W is found only when the perturbative solution of the Liouville equation is examined
to O(e*). The higher order terms are used to imply the specific form of the augmented Fokker-Planck equation and to obtain
expressions for the parameters in them that can be computed via molecular dynamics.

The form of the augmented Smoluchowski equation (3.31) satisfies certain general criteria. First, conservation of W was
built in due to the use of the generalized conservation equation (2.6). Second, Eq. (3.31) contains the equilibrium solution. In
particular, if Q is expressed in terms of the free energy F,i.e.Q = e#F then fof" = —0JF/0®,.Hence, the equilibrium solution
W o e PF satisfies (3.31) for 9W /3t = 0. Third, as (3.31) yields the reduced dynamics to O(&3), it can be used for systems
wherein ¢ is larger than appropriate for the Smoluchowski equation, i.e. the separation of time scales is not large enough (for
example, a small nanoparticle or short protein). Furthermore, the approach could account for systems where intermediate
scales (for which ¢ would be larger) are important. Examples include proteins with side branches and the various stages of
viral structural transitions or infection. In the case of enveloped viruses such as HIV, the fusion stage of infection involves the
overall behavior of both membranes and the interaction of the glycoproteins attached to the virus surface with the target
cell protein receptors. Glycoproteins anchor the virus to the target cell and trigger subsequent conformational changes that
allow the final fusion. These proteins are smaller than the overall size of the virus but are bigger than the atomic scale which
also need to be taken into consideration. However, allowing various levels of coarse-graining is achieved at the expense of
needing the additional friction coefficients y® and A®. As for y @, these need to be calculated via correlation functions.
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The above results warrant further examination. (1) What other kinds of equations arise for different initial data?
(2) If the initial state of the system is quasi-equilibrium in character, will subsequent evolution leave the system in a quasi-
equilibrium state for all time? (3) Otherwise, if the initial conditions are not in the null space of £y, does that imply that to
higher order W will depend on to? (4) What is the most general set of initial data that can be used to make the stochastic
equation closed in W or will W be coupled to other variables through additional equations? (5) As direct simulation of the
augmented Smoluchowski equation is not practical, what is the Langevin-like equation that, via a Monte Carlo approach, is
equivalent to the augmented Smoluchowski equation?
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